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Abstract—The current paper discusses the uncertainty 
reasoning method based on gradational lattice-valued first-
order logic Lvfl. For some representative uncertainty 
reasoning models, some concrete methods for selecting 
appropriate parameters during the uncertainty reasoning 
process based on lattice-valued first-order logic Lvfl are 
proposed. Emphasis is placed on the research of the 
consistent of L-type fuzzy sets of formulas. 
 
Index Terms—Uncertainty reasoning; Lattice-valued logic; 
consistent 

I.  INTRODUCTION 

Uncertainty reasoning is one of the key points in 
intelligent information processing, in order to build 
artificially computer-based systems which make 
computers simulate human's intelligence. Certain 
reasoning is based on classical logic, the reliability of the 
reasoning consequence is ensured by the soundness and 
completeness of classical logic. From the point of view of 
symbolism, the confidence and rationality of uncertain 
reasoning should be based on non-classical logics that are 
the extensions classical logic [5]. The research of Pavelak 
[6] and Novak [7] provide some basis for uncertainty 
reasoning based on logic. Turunen, Hajek, and Wang etc. 
[8-11] also got some important research results. Since 
1990, Xu and his research group have always researched 
on the related works. In order to deal with uncertainty of 
two types (fuzziness and incomparability) and in two 
levels (in the object itself and in the course of processing 
it) simultaneously, Xu proposed lattice-valued logics [13-
15] based on lattice implication algebra [12], studied the 
uncertainty reasoning based on the gradational lattice-
valued propositional logic Lvpl and its corresponding first-
order logic Lvfl, and proposed the uncertainty reasoning 
theory and method based on Lvpl and Lvfl [2, 3, 16].  

Based on the above research work, the current paper 
studies uncertainty reasoning based on Lvfl. In section 2, 
the basic theory of uncertainty reasoning based on Lvfl is 
introduced. In section 3, some concrete methods for 
selecting appropriate parameters during the uncertainty 
reasoning process based on Lvfl are proposed. 

II.  BASIC THEORY 

In Lvfl, we established a logical system with a semantic 
system and the corresponding syntactical system 

compatible with each other constructed by more general 
semantic interpretation and more general implication 
operator → [1]. We refer the readers to [1] for more 
details. 

In the following, let i= I, II, , , Lα β τ ∈ , 

( )f, , , LX X Y Y ∈% % F F ,  and ( )fLF⊆I F . 
Definition 2.1[1] The maps are defined as follows 

respectively:  
1).   

CI 　 ( ) ( )f fL L→F F F F  

XX Ca I  

where  
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(2) 

Remark 2.1 [2] From the above definition, we 
know CI  is the semantic operator of Lvfl while 

( )( )
,

,C i
C β

α∅ −I r R
 is the syntactical operator. 

Definition 2.2[1] Let ( )fLX F∈ F , Lτ ∈ . If  

        
( )( ) ( ) ( )( ) ( ){ }, ,

f, ,
|β β

α α
ϕ ϕ ϕ τ∅ ∅− −

′∨ ⊗ ∈ ≤X X
C i C i

C C
I r I rR R

F      (3) 

then X is said to beτ ′ -i type consistent w.r.t. ( ),α β . 
The single-input-single-output (SISO) uncertainty 

reasoning model:  
Rule: If X, then Y, 
Fact: X%  

                                — — — — —                             (4) 
Conclusion: Y%  
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Definition 2.3[1] The rule in (4) is said to 
be ( ), , ,α β τ I -i type representable in Lvfl, if there 

exist , , Lα β τ ∈ , ( )fLF⊆I F such that X, Y areτ ′ -i type 

consistent w.r.t. ( ), ,α β I and XC Yτ ′⊇ ⊗I . 
Definition 2.4[1] The uncertainty reasoning model (4) 

is called an ( ), , ,α β τ I -i type regular uncertainty 
reasoning model, if  

1). The rule in (4) is ( ), , ,α β τ I -i type representable. 

2). New input information X% is τ ′ -i type consistent 
w.r.t. ( ), ,α β I . 

   Uncertainty reasoning consequence can be given by 
the following equation: 

                                   XY C β⊗= %%
I                                       (5) 

where β and I are obtained from the representation of the 
rule in (4). 

The uncertainty reasoning theory and method based on  
lattice-valued first-order logic Lvfl have not only sound 
semantic interpretation, but also strict syntactical proof. 
So it has more solid theory basis and more extensive 
scope of application compared with other uncertainty 
reasoning methods which are proposed aiming at some 
special concrete problem. Of course, like other 
uncertainty reasoning methods, this method has scope of 
application. Firstly, it demands the uncertainty reasoning 
model (4) is ( ), , ,α β τ I -i type regular, then we can get 

the reasoning consequence XY C β⊗= %%
I . The soundness of 

logic system Lvfl is ensured by condition R is α -i type 
sound w.r.t. I . If , ,α β τ , I and R satisfy 

( )( )
,

,
X X

C i
C Cβ β

α∅
⊗

−
⊇% %

I r
IR

, i.e. the sufficient condition of the 

completeness, then the reasoning consequence obtained 
from (5) can also be obtained by a strict formal deduction 
in system Lvfl. 

Note that generally , ,α β τ and I are not obtained 
uniquely by the representation of uncertainty rule [1]. The 
reasoning consequence depends on the selection 
of , ,α β τ and I despite uncertainty rule is representable 
and uncertain reasoning model if regular. This is just 
because Lvfl is a class of lattice-valued logical systems 
which are different due to different , ,α β τ and I . Hence, 
different selections of , ,α β τ and I in uncertainty 
reasoning mean different uncertainty reasoning in 
different logical systems [1]. Consequently, the reasoning 
consequence depends on the selection of , ,α β τ  and I  
(i.e., the corresponding logical system). It follows from 
Lvfl that if there exist , ,α β τ and R such that 

( )( )
,

,
X

C i
Cβ

α∅ −
∈%

I r
I

R
 

then the reasoning consequence obtained from (5) can 
also be obtained by a strict formal deduction in system 
Lvfl [1]. This follows from the weak completeness of logic 
system Lvfl. But this is a sufficient condition. 

III. UNCERTAINTY REASONING EXAMPLES 

The inference rule set R determines the syntactic 
function of Lvfl. The more of its number is the stronger of 
the syntactic function and the semantic function of Lvfl is 
[4]. Hence the chosen of R is very important, and the 
chosen of it depends on practical problems. 

In the following, we take [2] 

( ) ( ) ( ){ } ( ){ }
( ){ } ( ){ }
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0 00
2 2 2 2 2 2 1 1 0

1 1 2 1

3 1

, , , , , ,

     , ,

     , ,

u u

u

r t r t r t r t L

r t u U r t u U

r t u U

θ θ θ∗ ∗ ∗ ∗ ∗= ∪ | ∈

| ∈ | ∈
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where,  

( )0
2 ,r ϕ ϕ ψ ψ→ = , ( )2 ,t θ β θ β∗ = ∧ , 

( ) ( )2 ,r ϕ γ ϕ ψ ϕ γ ψ∗ → → = → ∧ , 

( )2 ,r ϕ ψ ψ γ ϕ γ→ → = →� , 

( )0
1 0rθ ϕ θ ϕ= → , ( )0

1 0tθ α θ α= → , 

( ) ( )1
u

ur Q xϕ ϕ= , ( )1t α α= , 

( ) ( )2
u

ur Q xϕ ψ ϕ ψ→ = → , x is not free inϕ , 

( ) ( )3
u

ur Q xϕ ψ ϕ ψ→ = → , x is not free inψ , 

( )( ) ( )4
u

u ur Q x Q xϕ ψ ϕ ψ⊗ = ⊗ , x is not free inψ . 

Note that ∗R should beα -i type sound w.r.t. I , so we   
take 

{ }is -i type closed w.r.t. i T T α ∗= | RI , i=I, II. 

{
}vfl

|  an interpretation of wffs under ,  

                is an interpretation of symbols in L  
f fH is� F FI f D D D

D 
 

In vflL , let Lα ∈ and ( )Lθα θ θ
∈

′≤ ∨∧ . Then we 
obtain the  following results [2]: 

1). H i⊆ II , i=I, II; 
2). HI isα -i type closed w.r.t. ∗R ; 

3). 
( )( )

,
,

X
iC i

Cβ
α∅ −

∈% I
I r R

holds for any ( )fLX F∈ F  and 

Lβ ∈ , i=I, II; 
4). ∗R isα -i type sound w.r.t. iI , i=I, II; 
5). 

( )( )
,

,
X X

C i
C Cβ β

α∅
⊗

−
=

I r
IR

holds for any ( )fLX F∈ F  

and Lβ ∈ , i=I, II; 
6).

( ) ( ) ( )( ){ }| there exist , , , , ,X iC p n Xβ θ ϕ θ α β⊗ = ∨ −I  
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holds for any ( )fLX F∈ F and Lβ ∈ , and fϕ ∈F , i=I, 
II. 

Theorem 3.1 If H ≠ ∅I i iI I , ( )X Xβ ϕ ϕ⊗ ≤ , then 

for any , Lα τ ∈ , X isτ ′ -i type consistent w.r.t. ( ), ,Xα β iI . 
Proof. Suppose 0 HT ∈ I i iI I . 

( ) ( )( ) ( )( ) ( )
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( )( ) ( )

( )
0 0

0

                

                

                 = ,
              

β

ϕ

ϕ

ϕ

ψ β ϕ ϕ ψ

ϕ ϕ ψ

ϕ ϕ ψ

ψ

⊗

∈ ∈

∈ ∈

∈

⎛ ⎞∧ ∧ ⊗ → →⎜ ⎟
⎝ ⎠
⎛ ⎞≤ ∧ ∧ → →⎜ ⎟
⎝ ⎠

≤ ∧ → →

�X

f

f

f

X
XT F

T F

F

C X T T

T T

T T

T

I I

I

 

( )( ) ( ) ( ) ( ),
0,

X X
C i

C C Tβ β
α
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⊗

−
≤ ≤

I r
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then 

( )( ) ( ) ( )( ) ( ) ( ) ( ), ,
0 0, ,

X X
C i C i

C C T T Oβ β
α α

ψ ψ ψ ψ∅ ∗ ∅ ∗− −
′ ′⊗ ≤ ⊗ =

I r I rR R
 

Hence X isτ ′ -i type consistent w.r.t. ( ), ,Xα β iI . 

Corollary 3.1 If ( )X Xβ ϕ ϕ⊗ ≤ , then for any , Lα τ ∈ , 

X isτ ′ -i type consistent w.r.t. ( ), ,X iα β i iI . 

Theorem 3.2 Let ( )fLX F∈ F be defined as  

( ) ( ) , ,
,            .

ϕ
ϕ

θ
⊗ ⊕ = ∈⎧

= ⎨
⎩

k a b a L
X

others
 

Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , X bβ θ ′ ′= ∧ , then X is I-i type 

consistent w.r.t. ( ), ,X iα β i iI , i=I, II. 

Theorem 3.3 Let ( )fLX F∈ F be defined as  

( )
, ,

,            .
ϕ

ϕ
θ
→ = ∈⎧

= ⎨
⎩

b a a L
X

others
 

Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , X bβ θ ′ ′= ∧ , then X is I-i type 

consistent w.r.t. ( ), ,X iα β i iI , i=I, II. 

Theorem 3.4 [1] Let ( )f, LX Y F∈ F , and 

( )fLF⊆ FI . If Y is τ ′ -i type consistent w.r.t. 

( ), ,α β I and X Y⊆ , then so is X . 

Theorem 3.5 Let ( )fLX F∈ F be defined as    

( ) ( ) , ,

,            .

ϕ
ϕ

θ

⎧ ⊗ ⊕ = ∈⎪= ⎨
⎪⎩

nk a b a L
X

others
 

where n +∈N . Take ( )Lθα θ θ∈ ′≤ ∧ ∨  , X bβ θ ′ ′= ∧  , 

then X is  I-i type consistent w.r.t. ( ), ,X iα β i iI , i=I, II. 

Theorem 3.6 Let ( )fLX F∈ F be defined as  

( ) ( ) ( ) ( )1 1
1 1 , ,

,                                                              .

ϕ
ϕ

θ

−
−

⎧ ⊗ ⊕ ⊗ ⊕ ⊕ ⊗ = ∈⎪= ⎨
⎪⎩

Ln n
n nk a k a k a b a L

X
others

 

where n +∈N . Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , X bβ θ ′ ′= ∧ , 

then X is I-i type consistent w.r.t. ( ), ,X iα β i iI ,    i=I, II. 

Theorem 3.7 Let ( )fLX F∈ F be defined as 

( )

1 1, ,

, ,
,         .

ϕ ϕ

ϕ ϕ ϕ
θ

= ∈⎧
⎪
⎪⎪= = ∈⎨
⎪
⎪
⎪⎩

M

n n

a L

X a L
others

 

where n +∈N . Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , 

{ }
1

n

X i ii
aβ ϕ θ

=
′= ∧ → ∧ , then X is I-i type consistent 

w.r.t. ( ), ,X iα β i iI ,    i=I, II. 

Theorem 3.8 Let ( )fLX F∈ F be defined as  

( )

( )

( )

1 1 1 1, ,

, ,
,         .

ϕ ϕ ϕ

ϕ ϕ ϕ ϕ
θ

⊗ ⊕ = ∈⎧
⎪
⎪
⎪= ⊗ ⊕ = ∈⎨
⎪
⎪
⎪⎩

M

n n n n

k b L

X k b L
others

 

where n +∈N . Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , 

1 2X nb b bβ θ ′= ∧ ∧′ ′ ′L , then X is I-i type consistent 
w.r.t. ( ), ,X iα β i iI , i=I, II. 

Example 3.1 Let ( )f, , LX X Y F∈% F be defined as 
follows:   

( )
, ,

,     .
ϕ

ϕ
→ = ∈⎧

= ⎨
⎩

b a a L
X

O others
 

( )
, ,
,     .
ϕ

ϕ
= ∈⎧

= ⎨
⎩

a a L
Y

O others  

( )
, ,
,     .
ϕ

ϕ
= ∈⎧

= ⎨
⎩

% b a L
X

O others
 

Take ( )Lθα θ θ∈ ′≤ ∧ ∨ , X bβ ′= . Note that: 

1). X , X% is I-i type consistent w.r.t. ( ), , ibα ′ i iI , i=I, II.  

2). Y X⊆ , then ,X Y% are I-i type consistent 
w.r.t. ( ), , ibα ′ i iI , i=I, II. 

3). XC X Y⊇ ⊇I . 
Consequently, we obtain the following ( ), , ibα ′ i iI -i 

type regular uncertainty reasoning model:  
Rule: If X, then Y, 
Fact: X% . 
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So its consequence can be obtained as follows: 

( ) ( )
i

b X
iY Cϕ ϕ′⊗= %%

iI = ( )( )
iT

T ϕ
∈
∧

iT
 

and it is I-i type consistent w.r.t. ( ), , ibα ′ i iI , i=I, II. 
In Lvfl, if the complete lattice implication algebra 

[ ]( )0,1 , , , ,L ′= ∨ ∧ → is the Lukasiewicz implication 
algebra, then this is called Lukasiewicz first-order logic 
system, denoted as ufL . In most of uncertainty reasoning 
method especially for fuzzy reasoning, the formula has 
degree of truth ranging from 0 to 1. The practice has 
shown that such way of representing states of affairs is 
more natural and more coincident with the intuition and 
experience. So the research of uncertainty reasoning 
based on ufL has wide representatively. 

Example 3.2 Take Lvfl as Lukasiewicz first-order 
logic ufL . Let ( )f, ,X X Y F∈% F be defined as follows:   

( ) [ ]0.8 , 0,1 ,
0.1,     .

ϕ
ϕ

⎧ ⊗ = ∈
= ⎨
⎩

a a
X

others
 

( ) [ ]0.8 , 0,1 ,
0.1,        .

ϕ
ϕ

⎧ ⊗ = ∈
= ⎨
⎩

na a
Y

others
 

0.8X X= ⊗%  

Take 0.4α = , 0.9Xβ = . Note that: 
1). X is I-i type consistent w.r.t. ( )0.4,0.9, ii iI , i=I, II. 

2). ,X Y X⊆% , then ,X Y% are I-i type consistent w.r.t. 
( )0.4,0.9, ii iI , i=I, II. 

3). XC X Y⊇ ⊇I . 
Consequently, we obtain the following ( )0.4,0.9, ii iI -i 

type regular uncertainty reasoning model:  
Rule: If X, then Y, 
Fact: X% . 

So its consequence can be obtained as follows: 

( ) ( )

( )( )( ) ( )

0.9

0.5
        0.5 ,

θ

ϕ ϕ

θ θ ϕ

⊗

∈ ≥

=

⎡ ⎤= ∧ ∧ ⊗ → →⎢ ⎥⎣ ⎦

%%
i

i

X
i

T

Y C

T T

i

i

I

T

 

and it is 1-i type consistent w.r.t. ( )0.4,0.9, ii iI in ufL , i=I, 
II. 

IV. CONCLUSIONS 

For some special uncertainty reasoning models, some 
concrete methods for selecting appropriate parameters 
during the uncertainty reasoning process based on 
gradational lattice-valued first-order logic Lvfl are given. 
The practical application of these methods is the further 
research. This aim can be realized in the following paper. 
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