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Abstract—Particle swarm optimization (PSO), an intelligent 

optimization algorithm inspired by the flocking behavior of 

birds, has been shown to perform well and widely used to 

solve the continuous problem. But the traditional PSO and 

most of its variants are developed for optimization problems 

in continuous space, which are not able to solve the binary 

combinational optimization problem. To tackle this problem, 

Kennedy extended the PSO and proposed a discrete binary 

PSO. But its performance is not ideal and just few further 

works were conducted based on it. In this paper, we propose 

a novel probability binary particle swarm optimization 

(PBPSO) algorithm for discrete binary optimization 

problems. In PBPSO, a novel updating strategy is adopted 

to update the swarm and search the global solution, which 

further simplify the computations and improve the 

optimization ability. To investigate the performance of the 

proposed PBPSO, the multidimensional knapsack problems 

are used as the test benchmarks. The experimental results 

demonstrate that PBPSO has a better performance for 

solving the multidimensional knapsack problem in terms of 

convergent speed and global search ability. 

Index Terms—particle swarm optimization, probability 

optimization algorithm, knapsack problem 

I. INTRODUCTION

Particle swarm optimization (PSO), a parallel 

evolutionary computation technique originally designed 

by Kennedy and Eberhart in 1995 [1], is an emerging 

population-based optimization method. PSO is a kind of 

random search algorithm that simulates nature 

evolutionary process and performs good characteristic in 

solving some difficulty optimization problems. The basic 

concept of PSO comes from a large number of birds 

flying randomly and looking for food together. Each bird 

is an individual and called a particle. As the birds looking 

for food, the particles fly in a multidimensional search 

space looking for the optimal solution. Here all the 

particles are composed of a family rather than the isolated 

individual for each other. They can remember their own 

flying experience and share theirs companions’ flying 

experience. Shi and Eberhart [2] called the former the 

cognition part and the latter the social part. According to 

the cognitive memory, all the particles can adjust their 

position moving toward their global best position or their 

neighbor’s local best position. Therefore, PSO has much 

more profound intelligent background than the genetic 

algorithm. Also PSO could be executed more easily. On 

the one hand, PSO has very few parameters to adjust, so 

that it is convenient to make the parameters reach to the 

optimum values, a large amount of calculation work and 

much time can be saved. On the other hand, PSO can find 

the optimal solutions or near the optimal solutions with a 

fast convergent speed, because it only has two 

computation formulas for iteration. Based on these 

advantages, PSO is not only used for the science research, 

but also is applied in engineering field, such as neural 

networks [3] [4], nonlinear constrained optimization 

problems [5], power flow problem [6] 

But the basic PSO and most of its improved versions 

all work in the continuous space, which can not be used 

to optimize the discrete combinational problems. To 

tackle this problem, discrete PSO is developed and 

applied in many fields. Ching-Jong Liao utilized a 

discrete version of particle swarm optimization for the 

flowshop scheduling problem [7]. A discrete particle 

swarm optimization algorithm for the no-wait flowshop 

scheduling problem is investigated by Tasgetiren et al. [8], 

where a new position update method is developed based 

on the discrete domain. Jin Y.X. et al. [9] provided a new 

discrete PSO methodology applied in transmission 

network expansion planning. Jarboui B., Damak N. and 

Siarry P. took up a challenge to apply a new 

combinatorial particle swarm optimization (CPSO) 

algorithm to solve a large variety of combinatorial 

optimization problems, namely the multi-mode resource-

constrained project scheduling problem using integer 

values [10]. But there are just few researches on PSO for 

discrete binary combinational problems. Kennedy and 

Eberhart firstly extended the basic PSO and developed a 

discrete binary PSO (KBPSO) to optimize the binary 

optimization algorithm in 1997 [11]. And then Qi [12] 
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developed a modified binary PSO (MBPSO) for feature 

selection in MLR and PLS modeling. As the optimization 

ability is not perfect, just few researches [13] are 

conducted based on them.  

To remedy this drawback, in this paper we propose a 

novel probability binary particle swarm optimization 

(PBPSO) to solve discrete binary optimization problems. 

The remainder of the paper is organized as follows. 

Section 2 firstly describes the traditional binary particle 

swarm optimization algorithm. Then we propose our 

PBPSO algorithm in detail. The overall scheme of the 

proposed probability binary particle swarm optimization 

for solving the multidimensional knapsack problem is 

presented in section 3. Parameter studying of PBPSO, 

optimization performances and experimental comparisons 

of PBPSO algorithm for the multidimensional knapsack 

problems are given in section 4. Finally, some concluding 

remarks are given in section 5. 

II. A PROBABILITY BINARY PARTICLE SWARM 

OPTIMIZATION ALGORITHM

A.  The Discrete Particle Swarm Optimization Algorithm 

Supposing that the real value searching space is D-

dimensional and m particles form a swarm, each particle 

is looked as a point in the D-dimensional space, and the i-
th particle represents a D-dimensional vector xi = (xi1,

xi2… xiD). It means that each particle is a potential global 

optimum of the function f(x) over a given domain D. Here 

f(x) is used for evaluating the particle, using the particle’s 

positional coordinates as input values. The output value 

often is named fitness value, and according to the fitness 

value, the particle is updated to move towards the better 

area by the corresponding operators till the best point is 

found. In the iterative process, each particle’s previous 

best position is remembered and denoted pi = (pi1, pi2…

piD), and the globally best position in the whole swarm is 

recorded as pg = (pg1, pg2… pgD). The i-th particle’s 

“flying” velocity is also a D-dimensional vector, is 

represented as vi = (vi1, vi2…viD) (i = 1, 2, . . ., m). At each 

step, the velocity of all particles is adjusted as a sum of its 

local best value, global best value and its present velocity, 

multiplied by the three constants , c1, c2 respectively, 

shown in (1); the position of each particle is also 

modified by adding its velocity to the current position, 

see (2), 

1

1 1 2 2( ) (k k k k k

ij ij ij ij gj ijv v c r p x c r p )kx

k

, (1)

1k k

ij i j i jx x v . (2)

In (1-2), k represents the iterative number,  is the inertia 

weight, c1 and c2 are learning factors, normally set as 

, .The random weighting 

of the control parameters in the algorithm results in a 

kind of explosion or a “drunkard’s walk” as particles’ 

velocities and positional coordinates careen toward 

infinity [14]. Generally, the particle velocity is limited by 

some maximum value vmax.

1 2 2.0c c 1 2,r r uniform

As the basic particle swarm optimization operates in 

continuous and real number space, it can not be used to 

optimize the pure discrete binary combinational problem. 

To tackle this problem, Kennedy and Eberhart proposed 

KBPSO algorithm, where the particles take the values of 

binary vectors of length n and the velocity defined the 

probability of bit xij to take the value 1. KBPSO reserved 

the updating formula of the velocity (see (1)) while 

velocity was constrained to the interval [0.0, 1.0] by a 

limiting transformation function, that is, the particle 

changes its bit value by (3-4) in KBPSO 

( ) 1/(1 )ijv

ijS v e
 , 

(3)

1  if rand() ( )
x

0  otherwise           

ij

ij

S
 , (4)

where the value of rand() drawn from U(0,1) and the 

function S(v) is a sigmoid limiting transformation. 

As the optimization ability of KBPSO is not ideal, Qi 

developed a modified discrete binary PSO algorithm 

(MBPSO). In MBPSO, the updating formulas are defined 

by the following equations [13] 

If (0<vij )   then j
( ) (

i ij
)x new x old , (5)

If ( <vij 1

2

(1+ ))  then  ( )
ij ij

x new p  , (6)

If (
2

1 (1+ )<vij 1)  then j
( )

ij i
x new g  , (7)

where named static probability is a random value in the 

range of (0,1). The initial value of  is 0.5. 

B.  The Probability Binary Particle Swarm Optimization 

Algorithm 

As KBPSO and MBPSO are very easy to trap in the 

local optimum and KBPSO updating formulas is 

complexity, we propose a novel algorithm named 

probability binary particle swarm optimization algorithm 

(PBPSO) to tackle these problems in this paper. Here (1) 

and (2) are all reserved for iterative evolution in PBPSO, 

and then we adopt a novel formula to determine a binary 

bit pxij., which can be denoted  as follows: 

min max min( ) ( ) / ( )ij ijL x x R R R  , (8)

1  if rand() ( )

0  otherwise           

ij

ij

L x
px  , (9)

where L(x) is a linear function, its output value belongs to 

(0,1); rand() is a stochastic number selected from a 

uniform distribution in [0.0, 1.0]; and [Rmax, Rmin] is a pre-

defined range for gaining the probability value with L(x)

function. 

[0,1]

Compare to KBPSO, now the vector xi is real number 

vector rather than the binary vector. To obtain a 

probability value distributed in [0.0, 1.0], we adopt the 

linear function L(x) to calculate it, which determines pxij
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to be 1 or 0. For instance, if L(xij)=0.6, rand()=0.3, that is, 

rand()<L(xij),then pxij=1, (i=1,2,…,m and j=1,2,…,D). So 

a binary vector pxi = (pxi1, pxi2… pxiD) can be worked out, 

and then we can apply this binary vector into the 

combinatorial optimization problem.  

In summary, the flowchart of the PBPSO is given in 

Fig. 1, where P is on behalf of the population size, G 

denotes the maximum iterative times.

Figure 1. The flowchart of PBPSO. 

III. THE PBPSO FOR THE MULTIDIMENSIONAL 

KNAPSACK PROBLEM

In this section, we first define the multidimensional 

knapsack problem (MKP) and then the PBPSO for 

solving MKP is presented 

A.  Problem Definition 

The multidimensional knapsack problem (MKP) is a 

generalization of the 0-l knapsack problem and a special 

case of general 0-l integer programming. It also can be 

considered as a resource allocation problem. Generally, 

The MKP can be introduced as follows: suppose we have 

m resources and n objects, each resource i I has a 

budget Mi, each object j J has a profit pj and 

consumes wij of resource i. The problem is to maximize 

the profit within a limited budget. The MKP can be 

formulated as [15] 

Maximize       
1

( )
n

j j
j

f x p x

m

,                           (10) 

Subject to       ,       (11) 
n

= 1
i j j i

j

w x M 1, ,i

{0,1}
j

x ,  , 1, ,j n

With         , , .0
j

p 0
ij

w 0
i

M

The constraint described in the second condition is 

called a knapsack constraint, so the MKP is also called 

the m-dimensional knapsack problem. If m=1, MKP is 

often named the one-dimensional knapsack problem (KP). 

Let I = {1, 2, . . . , m} and J = {1, 2, . . . , n}, for all

j J .
j 1

n

j j
w M w . In the above formulas, x is a 

binary vector, that is, x=(x1, …, xj, … , xn)
,, and each bit 

of x equals zero or one. xj=1 represents the i-th resource is 

consumed wij, xj=0 represents the corresponding resource 

is rejected. Taking a simple multidimensional knapsack 

instance for example, we give the process of consuming 

each resource with the selected objects in Fig. 2. 

Figure 2. The process of consuming each resource with the selected 

objects

In the resource distributive process, the total 

consumption of resources chosen for the objects could 

exceed the maximum budget allowed. Various methods 

have been studied and used for dealing with constrains 

such as penalty function method [16], greed algorithm 

[17] and surrogate duality method [18]. On the one hand, 
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A.  Parameter Studying the heuristic algorithm, such as surrogate duality method, 

can greatly improve the quality of solution as the domain 

knowledge is introduced, but this process will cost much 

time. On the other hand, the penalty function method is 

easy but not helpful to find better solution additionally.  

To evaluate the optimization ability of PBPSO, the 

approach examined in this paper employs a penalty 

function to adjust the fitness of illegal individuals by 

optimizing [16] 

1

( ) ( )
m

i

i

F x f x  ,                    (12) 

Obviously, the parameters of PBPSO will seriously 

affect the real optimization performance. To know the 

PBPSO well, we study and test the parameters of PBPSO. 

On the one hand, as the previous works have proven that 

the traditional values of parameters in PSO can keep 

algorithm work well, the same values of c1, c2 and w in 

KBPSO are used in PBPSO. On the other hand, the 

bound [Rmax, Rmin] is a new parameter in PBPSO. To 

determine the value settings of Rmax and Rmin, the MKP is 

adopted as the test benchmark for parameter studying. 

Here we adopted two type MKP instances with different 

dimension as the argument for analyzing. One instance is 

weing1.dat and the other one is sent1.dat.  
where  is the penalty function; m is the number of 

constrains, that is, the number of resources or the amount 

of knapsacks; the minus means the problem for 

maximization; f(x) is the fitness function that gives a  

fitness value for each solution, and F(x) is the penalized 

fitness value when a resource exceed its budget. 

i

To the first benchmark test, we set pop_size=30, 

iterations=3000; for the second benchmark test, the 

pop_size is 60, iterations=4000. Other parameters are all 

set as the default values of KBPSO and the different 

range [Rmin, Rmax] are adopted for parameter studying. 

These two benchmarks both run 20 times. The testing 

results are shown in Table I and Table II. The terms that 

emerge in the tables are introduced in the following: 

B.  PBPSO for the MKP 

When we use PBPSO algorithm to optimize the 

knapsack problem, firstly, all the particles are initialized 

with the random numbers, then take the formulas for 

evolution until the terminal rule coming.  

Worst Fitness--the worst fitness value in the 20 times 

running. 

Best Fitness --the best fitness value in the 20 times 

running. 
The whole procedure of PBPSO optimizing the 

multidimensional knapsack problem can be described as 

follows:
Success Rate--the percent of finding the optimal solution 

in the 20 times running. 
Step 1: Initialize the swarm and parameters of PBPSO; 

the pop_size is the population size to be kept 

constant through the generations. The inertia 

weight is set as =0.8, and the learning factors 

are set as c1=c2=2.0.

Average Fitness--the average fitness value of all the 20 

times running. 

Min iteration--the minimum step of finding the optimal 

solution in the 20 times running. 

Average iteration--the average step of finding the optimal 

solution of all the 20 times running. 
Step 2: Evaluate the fitness values according the fitness 

function; in this paper, the fitness value is 

defined by the total profit and calculated by (10) 

and (12). According the fitness value, we will 

decide whether the solution is good or not.  

From the Table I-II, we can find PBPSO is not 

sensitive to the parameter [Rmin, Rmax] as its optimization 

performances are similar with different values. But it is 

obvious that too small value of Rmax and Rmin is harmful 

to PBPSO as algorithm can not perform meticulous 

search well, and the optimization results are both poorest 

in two cases. The simulation results show that the Rmin=-

50 and Rmax=50 may be encouraged as PBPSO both 

achieve the best optimization results in two testing 

benchmark. With the further increasing of Rmax and Rmin,

the optimization performances of PBPSO decrease 

gradually. 

Step 3: Update the local optima and the global optimum; 

Step 4: Update particles according the updating rules of 

PBPSO; 

Step 5: If the terminal rule is satisfied, stop the iteration 

and output the results, otherwise go to step2.

IV EXPERIMENT RESULTS AND DISCUSSION

TABLE I. 
THE TEST RESULTS OF WEING1.DAT

 [Rmin, Rmax] Worst Fitness Best Fitness Success Rate Average Fitness 
Average

iteration

Min 

iteration

[-1, 1] 141258 141278 95% 141241.25 492.68 72

[-5, 5] 141278 141278 100% 141278 374.45 66

[-10, 10] 141278 141278 100% 141278 536.35 72

[-20, 20] 141278 141278 100% 141278 566.12 89

[-50, 50] 141278 141278 100% 141278 632.1 124

[-100, 100] 141278 141278 100% 141278 390.3 59

[-200, 200] 141278 141278 100% 141278 749.55 151

[-500, 500] 141278 141278 100% 141278 445.2 99

[-1000, 1000] 141278 141278 100% 141278 540.05 149

[-10000, 10000] 141278 141278 100% 141278 596.5 92
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TABLE II. 
THE TEST RESULTS OF SENT1.DAT

[Rmin, Rmax] Worst Fitness Best Fitness Success Rate Average Fitness 
Average

iteration

Min 

iteration

[-1, 1] 7479 7761 0 7636.2 920 920

[-5, 5] 7518 7772 5% 7665.6 2828 2828

[-10, 10] 7552 7772 5% 7694.85 2692 2692

[-20, 20] 7549 7772 5% 7692.7 2968 2968

[-50, 50] 7585 7772 5% 7695.9 3158 3158

[-100, 100] 7460 7739 0 7662.5 953 953

[-200, 200] 7473 7749 0 7654.1 2383 2383

[-500, 500] 7569 7762 0 7678.1 3025 3025

[-1000, 1000] 7542 7762 0 7682.9 1787 1787

[-10000, 10000] 7550 7761 0 7671.2 2497 2497

B.  Results and Discussion 

To evaluate the effectiveness and viability of PBPSO 

algorithm, we take more MKP benchmarks to test its 

performance, and its simulation results are compared 

with other discrete binary PSO versions that include 

KBPSO and MBPSO. All the benchmarks are selected 

from MP-Test-data SAC-94 Suite. According the 

complexity of the problems, the benchmarks are divided 

into two groups. We take Pet1.dat, Pet2.dat, Pet3.dat, 

Pb4.dat, Pb5.dat and Pb6.dat as the simple group. The 

population size of algorithms is equal to 30, the 

maximum iteration is 3000. The Sent1.dat, Sent2.dat, 

Weish12.dat and Weish20.dat form the complicated 

testing group, and the size of the swarm is set as 60 and 

the maximum generation is 4000. To make a fair 

comparison, we set the same parameter values for both 

KBPSO and PBPSO, that is, c1=c2=2.0 and =0.8; and 

 is set as 0.5 in MBPSO. According to the results of 

parameter studying presented above, [Rmin, Rmax]=[-50, 

50] are adopted in PBPSO. PBPSO, KBPSO and 

MBPSO all executed 20 times on each case, respectively. 

The experimental results of three algorithms on each 

benchmark problem are shown in Table III-IV where n
and m mean objects and resource constrains. 

For all testing benchmarks, Pet1, Pet2 and Pet3 are the 

easiest instances, and their optimization results of three 

algorithms are extremely similar, so the average fitness 

values generated by KBPSO, MBPSO and PBPSO are 

not depicted here. The average fitness values of other 

benchmarks are depicted in Fig.3-9. 

Table III shows that all three algorithms are valid and 

can obtain the global best solution, but the PBPSO is 

prior to MBPSO and KBPSO as it has the best average 

fitness values. The same conclusion can be made from 

Table IV. In most cases, MBPSO performs better than 

KBPSO as it updating strategy is more effectively.  But it 

is obvious that MBPSO is more likely to stick in the 

local optimal as its value of bit will be not changed if it 

has the same value of its two optimal solutions. So 

MBPSO sometimes will be trapped in a poor local 

optimum which makes its average fitness value worse 

than KBPSO. To KBPSO algorithm, as its updating 

strategy spoils its velocity updating, its optimization 

ability is unsatisfied, especially for the complicated cases. 

These conclusions can be validated from Fig. 3-9. 

TABLE III. 
OPTIMIZATION RESULTS OF KBPSO, MBPSO AND PBPSO ON THE SIMPLE GROUP

Benchmark 
Best

Known
Algorithm Optimization Code of particle's position 

Best

Fitness

Success

Rate

Average

Fitness

Average

iteration

Min 

iterations

KBPSO 011001 3800 100% 3800 2.3 1

MBPSO 011001 3800 100% 3800 1.2 1

Pet1

m=10 

n=6

3800

PBPSO 011001 3800 100% 3800 1 1

KBPSO 0101100101 8706.1 100% 8706.1 25 4

MBPSO 0101100101 8706.1 100% 8706.1 53 2

Pet2

m=10 

n=10

8706.1 

PBPSO 0101100101 8706.1 100% 8706.1 25 8

KBPSO 110101101100011 4015 100% 4015 61 11

MBPSO 110101101100011 4015 100% 4015 268 5

Pet3

m=10 

n=15

4015

PBPSO 110101101100011 4015 100% 4015 92 10

KBPSO 11101111011100110101000000000 95168 20% 91879.15 1304 438

MBPSO 11101111011100110101000000000 95168 15% 92419 1744 540

Pb4

m=2 

n=29

95168 

PBPSO 11101111011100110101000000000 95168 40% 93114.1 729 181

KBPSO 01010101010101010101 2139 65% 2131.1 1078 97

MBPSO 01010101010101010101 2139 5% 2110.9 90 90

Pb5

m=10 

n=20

2139

PBPSO 01010101010101010101 2139 75% 2134.45 1012 129

KBPSO 0110000000011000010110000010000000000001 776 10% 746.95 2640 2495

MBPSO 0110000000011000010110000010000000000001 776 10% 708.60 642 143

Pb6

m=30 

n=40

776

PBPSO 0110000000011000010110000010000000000001 776 15% 752.85 937 312
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TABLE IV. 
OPTIMIZATION RESULTS OF KBPSO, MBPSO AND PBPSO ON THE COMPLEX GROUP

Benchmark 
Best

Known
Algorithm Optimization Code of particle's position 

Best

Fitness

Success

Rate

Average

Fitness

Average

iteration

Min 

iteration

KBPSO
010010011000110101100000101001 

000000100001000110000010010010 
7676 0% 7562.4 1723 1723

MBPSO
010010010000110101100010100101 

000001101000100110000010010010 
7762 0% 7683.55 1447 1447

Sent1

m=30 

n=60

7772

PBPSO
010010011010110101101000101001 

000000100000000110000010010010 
7772 5% 7695.9 3158 3158

KBPSO
111110011010110111101010101101 

000101101001010111000010011010 
8655 0% 8603.5 3355 3355

MBPSO
011010011010110111110010101111 

000101101010111110000010011010 
8711 0% 8651 1740 1740

Sent2

m=30 

n=60

8722

PBPSO
011110011010111111101000101101 

000101101001011111000010011010 
8722 5% 8671.1 2221 2221

KBPSO
1001101000111100010011000 

1000110101000001010000111 
6339 15% 6295.1 2600 2183

MBPSO
1001101000111100010011000 

1000110101000001010000111 
6339 35% 6317.05 2162 890

Weish12 

m=5 

n=50

6339

PBPSO
1001101000111100010011000 

1000110101000001010000111 
6339 45% 6331.75 1436 112

KBPSO

10001010101110110100011 

00100011010000011011000 

011110000101111011010011 

9146 0% 9092.05 2296 2296

MBPSO

10001010111110010110011 

00100011000100010011000 

011111000101011110011011 

9445 0% 9352.95 1367 1367

Weish20 

m=5 

n=70

9450

PBPSO

10001010111110010110011 

00100011001100010011000 

011110000101011110011011 
9450 5% 9362.05 3652 3652

Simulation results display that KBPSO and MBPSO 

have difficulty dealing with the large size MKP problems. 

From Table IV, we can see that KBPSO and MBPSO 

cannot find the global optima in Sent1, Sent2 and 

Weish20 while PBPSO is still able to find the global best 

solutions. To improve its results, it is essential to 

introduce some heuristic local search algorithms [18]. As 

the main focus of this paper is PBPSO, here we just 

adopted the penalty function strategy. 
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Figure 6. The  average fitness value of KBPSO, MBPSO and PBPSO 

on Sent1.dat 
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Figure 7. The average fitness value of KBPSO, MBPSO and PBPSO 

on Sent2.dat
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Figure 8. The  average fitness value of KBPSO, MBPSO and PBPSO 

on Weish12.dat 
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Figure 9.  The  average fitness value of KBPSO, MBPSO and PBPSO 

on Weish20.dat 

V. CONCLUSION

This paper proposes a novel probability binary particle 

swarm optimization algorithm. The performance of 

PBPSO algorithm is evaluated and compared with the 

well-known KBPSO and MBPSO algorithm on a number 

of the benchmark multidimensional knapsack problem 

instances. The experimental results support the claim that 

the proposed PBPSO algorithm exhibits better 

optimization performance in terms of convergent speed 

and global search ability. Specially, PBPSO further 

simplify the updating computation.  
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