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Abstract— Thispaper presented a fully distributed algorithm
to compute a planar subgraph of the underlying wireless
connectivity graph. This work considered the idealized
unit disk graph model in which nodes are assumed to be
connected if, and only if, nodes are within their transmission
range. The main contribution of this work is a fully
distributed algorithm to extract the connected, planar graph
for routing in the wireless networks. The communication
cost of the proposed algorithm is O(d log d) bits, where
d is the degree of a node. In addition, this paper also
presented a geometric routing algorithm and established its
lower bound. The algorithm is fully distributed and nodes
know only the position of other nodes and can communicate
with neighboring nodes in their transmission range.

Index Terms— Geometric routing, unit disk graph, Delaunay
triangulation, Gabriel graph, lower bound.

I. INTRODUCTION

Wireless ad hoc networks consists of independent de-
vices (transceiver nodes) communicating via radio. There
is no common infrastructure, which could be used for the
organization of the network. A typical ad hoc network
is composed of heterogeneous devices. For a successful
setup of the communication, it is essential that these
diverse devices e.g. cell phone, PDAS, laptops, etc. be
able to communicate with each other. Due to these char-
acteristics, wireless ad hoc networks are adopted in many
military and civil applications such as battlefield surveil-
lance, environmental control, and security management.
In these applications, the connectivity of links and routing
in the connected network are important architecture and
algorithmic issues, respectively.

In this paper, we consider the problem of routing in
ad hoc networking for which hosts know nothing about
the network except the locations of the hosts to which
they can communicate directly. In particular, we consider
the case in which all hosts have the same broadcast
range. Our agorithm is a geometric routing algorithm for
which we give a constructive lower bound. In the litera-
ture agorithms of this nature are known as geographic,
location-based, and position based algorithms. Formally,
given a Euclidean graph G = (N, E) with |N|=n, the
goal of our geometric algorithm is to convey a message
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from a source s€ N to a destination ¢t € N by sending
information packets over the edges of graph G while
obeying the following conditions. Firstly, at the start,
al nodes v € N in G know their geometric positions
(coordinates) and geometric positions (coordinates) of all
of their neighbor-nodeswithin transmission range R. Note
that this assumption becomes more and more realistic
with the introduction of inexpensive and miniaturized
positioning systems. Secondly, the source node s € N
knows the position i.e. coordinates, of the destination
node te N in the given graph G. For this assumption, a
(peer-to-peer) overlay network could be employed [1], [2].
Lastly, the nodes veN are not alowed to store anything
except for temporarily storing packets before transmitting
them to the neighbor node(s). Furthermore, a packet can
store the information not larger than O(logn) bits, i.e.
information about O(1) nodes is alowed. Overviews of
geometric routing algorithms are given in [1], [3], [4].
This paper investigates the problem of extracting the
connected, planar subgraph from the given graph for
geometric routing algorithmsin ad hoc wirel ess networks.
The preliminary versions of this work appeared in Refer-
ences [5], [6]. In a typical ad hoc network, most of the
nodes are mobile but here we assume that routing takes
place much faster than node movement. In other words,
mobility is not considered here. In addition, we assume
that the routing layer can access the location information
about network nodes. We shall formulate this problem in
the geometric graph as follows. Let NV be a set of nodes
deployed in a certain region R, with |N|=n. The problem
isto build a planar graph G=(V, E') on N such that each
node is connected to its closest neighbors. Formally, the
edge (u,v)eF if, and only if, 6(u,v) <1, where §(u, v)
is the distance between node « and its closest neighbor
V.
In addition, we present a distributed algorithm for
routing on the unit disk graph. While the fundamental
approach is based upon the famous Face Routing algo-
rithm [7] (in the origina paper the algorithm is called
Compass Routing I1), the main difference is that during
traversal of G when the algorithm crossed by the line
segment joining the source and the destination nodes, it
moves to the adjacent face as suggested in [8].
The general outline of the paper is as follows. In the
next section we discuss the related work. The Section 11
presents formal computational model of ad hoc wireless
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networks and some basic definitions presented in Sec-
tion IV. In Section VI we present the overal strategy
of the algorithms. The Section VII presents the fully dis-
tributed algorithm for the construction of planar graph and
presents the analysis of the algorithm. In Section V we
discuss some major reasons, which lead to the failure of
planar graph construction. In Section V11l we present and
analyze the routing algorithm. The Section IX establishes
the lower bound for the routing algorithm on the planar
graph. Finally, some concluding remarks are collected in
the Section X.

Il. RELEVANT LITERATURE

To the best of our knowledge, Takagi [9] isthefirst who
proposed geometric routing. Specifically, Takagi solved
the problem of the maximum expected progress per
hop in the network with the condition that the optimal
transmission probability of nodes is in some specified
range, say N. The paper [9] also taked about the var-
ious consequences, especialy performance, on a couple
of computational models. After this first proposition of
geometric routing, we have seen quite a number of works
such as [10] and [11] that proposed agorithms based
on various notions of progress of information packet or
message from source to destination. The main problem
with those algorithms was that most of them do not
necessarily guarantee message delivery. Other problem,
which needs attention, is the congestion. As an exam-
ple, flooding routing algorithms [12], multiple redundant
copies of the messages are sent in the hope that one
of them will eventually reach its destination. Clearly,
sending multiple copies of messages creates the problem
of network congestion. The early algorithmsfor routing in
ad hoc networks used greedy approach [9], [11], [13]. The
basic idea of those algorithms was as follows. A current
node forwards an information packet to its neighbor node
that is closest to the destination node. However, most
of those algorithms failed to delivered packet to the
destination and fall into a local minimum because of the
lack of “better” neighbors.

To the best of our knowledge, the reference [7] pre-
sented the first “correct” Face Routing agorithm that
guaranteed packet delivery. The main idea of the Face
Routing algorithm is that an information packet walks
along faces of planar graphs and proceeds aong the line
connecting the source and destination nodes. Since we
borrowed the basic idea from the famous Face Routing
algorithmintroduced in [7] (in the original paper the algo-
rithm is called Compass Routing I1) and for completeness
we describe the algorithm here. Start at source s and let
F' be the face that is intersected by line segment joining
source s and destination ¢, st. Explore the boundary of
face F' by traversing the edges of F' and remember the
intersection point p on line st with the edge of F which
is nearest to destination ¢. After traversing al edges, go
back to p. if we reach the destination while traversing
the boundary of F', we are done. Otherwise, p divides
the line st into two line segments where line pt is not
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yet “traversed” part of line st. Update face F' to be the
face which isincident to p and which is intersected by the
line segment pt in the region of p and start al over again.
There is another method proposed in the same paper [7]
(in the origina paper the agorithm is called compass
routing) and shown to be work for some important classes
of networks. Specifically, Kranakis et al. [7] have shown
that the compass routing works correctly for Delaunay
triangulation. The key idea behind the compass routing
algorithm is as follows: If an information packet wants
to reach the destination node, ¢, from the source node, s.
Then the algorithm will send the packet to the neighbor
u of s such that the slope of the line segment joining «
to s is the closest to the slope of the line segment joining
s to t. The problem with compass routing is that it may
occasionally fall into infinite loops as a result information
packet fails to reach the destination. But, this problem
never occurs in case of networks whose underlying graph
is Delaunay triangulation.

To the best of our knowledge, Bose et a. [8] were
the first who presented average-case efficient routing
agorithm with guaranteed delivery in ad hoc wireless
networks. In fact, these are the first distributed algorithms
that do not require duplication of information packets
or any kind of duplication of memory at the nodes.
Furthermore, the distributed algorithms only require a
constant amount of information along with actual message
from source node to destination node. Moreover, the paper
presented a simulation to measure the quality of the
paths described by the algorithms. The authors choose
to compare their algorithms with distributed agorithm
described by Lin et a. [14]. In my opinion, this choice
is quite unusual since the algorithm in [14] fails in the
case when the information packet consecutively crosses
the same edge of the graph twice. Our work is inspired by
and based upon the idea articulated in this paper [8]. That
is, the idea of finding a planar graph and then applying
routing algorithm on this extracted graph.

To the best of our knowledge, the first worst-case
analysis of geometric mobile ad hoc routing was presented
by Kuhn et a. [15]. In particular, Kuhn et al. presented
first adaptive face routing a gorithm with the cost bounded
by a function of the optimal route. For example, if a best
route has a cost ¢ (say), then the adaptive face routing
finds a route and terminates with cost O(c?) in the worst
case. In addition, they also gave a tight lower bound by
showing that any geometric routing algorithm has worst-
case cost Q(c?). The lower bound analysis presented in
the present work is based on the idea presented in Kuhn
et a. [15].

Other geometric routing algorithms [8], [16], that guar-
anteed to find the destination on triangulations or convex
subdivisions [17], have been suggested. The algorithm
in [18] used the Delaunay triangulations as an underlying
graph to find the destination node. Consequently, local ap-
proximation of Delaunay Graph has been suggested [19],
providing however, no better bound on the performance
of routing algorithms in [8], [16]-{18].
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The first algorithm that is competitive with respect to
the shortest path between the source and the destination
was proposed in [15]. This algorithm basically enhances
Face Routing by the concept of a bounding ellipse re-
stricting the searchable area. The lower bound example
was shown in [15] to be asymptotically optimal.

A more detailed discussion of geometric routing can
be found in [20].

I1l. COMPUTATIONAL MODEL

This paper considers the standard model for ad hoc
networks where al nodes have the same transmission
range. That is, in this paper we model an ad hoc network
as a geometric graph. A graph G is define as a pair
(N, E), where a set N representing the nodes of the
network and a set £ C N? denotes the set of edges,
connecting the nodes in N. Furthermore, there exists an
edge between two nodes v and v if, and only if, the
nodes v and v are within mutual transmission range. In
the remainder of this paper we will refer to the elements
of N alternately as host, nodes, or vertices. Since, we
are assuming that all nodes have equal broadcast ranges.
This leads to the definition of the unit disk graph (U DG).
Let N be a set of points in the plane. Then the UDG
is a geometric graph that contains a vertex for each
element of N. An edge (u,v) is present in UDG(S) if,
and only if, dist(u,v)<1 (this can be accomplished by
scaling the coordinate system), where dist(u,v) denotes
the Euclidean distance between x and y. Now if we
combine the above definitions of graph and unit graph;
and generalize the statement, we have a graph G where
each node has a coordinate in 2-dimensiona space. More
formally, a 2-dimensional embedding of G is a coordinate
function coord: N — R? of the nodes. A graph G is a
unit disk graph (UGD) if it has an embedding such that
the Euclidean distance dist(coord(v), coord(«))<1 if, and
only if, {u,v}€E.

IV. PRELIMINARIES AND DEFINITIONS

This paper assumes that the underline graph is geo-
metric graph. A geometric graph G = (N, F) is a graph
in the plane so that its vertices are points and its edges
are straight-line segments connecting pair of these points.
Recall, a geometric graph need not be planar. Note that
when it is clear from the context, we refer to the element
of N interchangeably as host, nodes, or vertices.

The open neighborhood 9t(v) of the vertex v consists
of the set of vertices adjacent to v, that is, N(v)={we
N:vwe E} and the closed neighborhood of v is M[v] =
N(v) € {v}. For a set N, the open neighborhood (V)
is defined to be U, vDt(v), and the closed neighborhood
of N is M[N]=N(N)UN.

The key to the Face Routing algorithm [7] is the
right hand rule. The right-hand rule [21] states that when
arriving at node x from node y, the next edge traversed
is the next one sequentially counterclockwise about x
from edge (z,y). It is known that the right-hand rule
traverses the interior of a closed polygonal region (a face)
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in clockwise order and traverses an exterior region in
counterclockwise edge order.

The Gabridl graph, denoted by GG(N), of set N is
defined by the graph in which wv is an edge of GG(N)
if, and only if, the circle having |luv|| as a diameter is an
empty circle, that is, if and only if it contains no points of
N initsinterior. GG(N) can be computed in ©(n logn)
time by removing edges DT'(NN) edges not intersecting
their Voronoi edges. Note that GG(N) is a subgraph of
DT(N) and contains at least one M ST for N. For details
reader may consult [22]. Unit Gabriel graph, GG(V),
consists of al edges such that ||uv|| < 1 and the circle
having diameter uv does not contain any vertex from V'
and the lengths of edges not more than unity.

The relative neighborhood graph, denoted by
RNG(N), is defined as a geometric graph in which
RNG(N) has an edge between n; and n; if and only
if d(ni, nj)=ming.i ;) max(d(ni, ny), d(ng, ng)).
RNG(N) can be computed in O(nlogn) time.
Furthermore, RNG(N) is a subgraph of DT(N) and
contains at least one M ST for N.

For agiven set NV of n points, Delaunay Triangulation,
denoted by DT'(N) is defined as the unique triangulation
in which the circumcircle of each triangle does not
contain any other points of N in its interior. Delaunay
Triangulations can be computed in ©(nlogn) time and
contains at least one minimum spanning tree (M ST') for
a given set N. Note that MST for N can be computed
in ©(n) time once the Delaunay triangulation of N is
given [23].

The straight-line dua of the Voronoi diagram for N is
a triangulation of N, known as Delaunay triangulation
and denoted by DT'(N). Also, defined as the unique
triangulation in which the circumcircle of each triangle
does not contain any other point in its interior. Delaunay
Triangulations can be computed in ©(nlogn) time and
contains at least one minimum spanning tree (M ST)
for the given set N. The M ST for N can be com-
puted in ©(n) time once Delaunay triangulation of N is
given [23]. The k-localized Delaunay graph, LDel ) (N),
on the nodes set NV has unit Gabriel edges and edges of all
k-localized Delaunay triangles. Li et al. [24], [25] defined
the k-localized Delaunay triangle as the triangle if the
interior of the circumcircle of the triangle does not contain
any node of N that is a k-neighbor of any of three nodes
of the triangle. Furthermore, all edges of the triangle have
no more than a unit length. Li et a. [24], [25] have shown
that the graph L Del(™) (N') may contain some intersecting
edges but the graph LDel ) (N) contains no intersecting
edges i.e. planar. Hence the following lemma.

Lemma 1. For any k£ > 2, The k-localized Delaunary
graph, LDel®)(N), is a planar graph [24], [25] .

For proof the Reader may consult [24], [25].

Since our agorithm is based on the construction of
localized Delaunay triangulation presented in [24], [25]
and for completeness we outline the method here. After
gathering the identity and location information by the
nodes, the algorithm finds the Gabriel edges as follows:
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each edge uv is a Gabriel edge if both angles opposite to
uv are less than /2. Each node finds al triangles such
that all three edges of the triangles have at most one unit
length. If the angle at the node is at least 7/3, node u
proposed to form the Delaunay triangulation. If two nodes
either accept the proposal or send the proposal, the edge
wv is in the Delaunay triangulation. Li et al. [24], [25]
have shown that in each triangle one of its interior angle
is at least 7/3 and form a 1-localized Delaunay triangle.
In addition, they showed that if angle at the node is at
least 7/3, then the node broadcast at most 6 proposals
to construct Delaunay triangulation. The total cost of this
construction is O(n logn) bits. For details and associated
proofs, readers may consult [24], [25].

V. PLANARIZATION AND FACE TRAVERSAL

This section discusses the conditions responsible for
the failure of planar graph and/or routing. Even though
the conditions discussed here is from purely practical
perspective, but we believe that these condition are im-
portant in the algorithm design, for after al, the eventual
goa of any agorithm (protocol) is the implementation
in the real life conditions such as presence of obstacles,
variable communication ranges, environmental condition
etc. Like all geometric/face routing algorithms [8], [26],
[27], [29], our geometric agorithm depends upon two
factors namely, construction of planar subgraph and face
traversal mechanism. Planar subgraph defines the under-
lying wireless connectivity graph while the face traversal
defines a forwarding mechanism for information packet
from source to destination i.e. routing.

The paper considered the unit-disk graph model be-
cause an underlying assumption of the planar construction
algorithm and face traversal algorithm is that this com-
putational model defines the connectivity among nodes
in ad hoc wireless network. That is, any violation of the
unit-disk graph assumption results in failure either in the
construction of planar subgraph or in the face traversal
mechanism. As a result, geometric routing algorithm fails
to deliver packet to its destination. We define the “failure”
in context of geometric routing as the algorithm’s lack
of ability to find a path for at least one pair of nodes
between source and destination. Note that there are some
studies [28] in which unit-graph assumption is relaxed.
The technique presented in those works is scalable only
when certain restrictions were applied to the radius of
communication nodes. Moreover, the technique deal s with
virtual links.

In general, our geometric routing agorithm relies on
three distinct components. Firstly, our algorithm uses
greedy forwarding paradigm. That is, a node under con-
sideration sends a packet to its neighbor node that is
geometrically closest to the destination node. Secondly
to traverse the face, our algorithm uses right-hand rule
and face changes. Note that the important aspect of the
right-hand rule is that it must supplement with a rule
that clearly defines when to change face. Our algorithm
follows the suggestion of Bose et a. [8]. Thirdly, the
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congtruction of planar subgraph. The primary reason
of this construction is that geometric routing provably
works correctly on a network graph that has no crossing
links, i.e. a planar graph. In addition, planar construction
of subgraph eliminates crossing links to generate the
structure that is required for the face traversal. In the
literature, geometric routing algorithms construct planar
subgraph using proximity structures from computational
geometry particularly, the Gabriel Graph (GG) [30], the
Relative Neighborhood Graph (RN G) [31], or Restricted
Delaunay Graph (RDG) [19]. The reason for the use of
these graphs is that these proximity structures provably
yield a connected, planar graph provided the connectivity
among the nodes obeys the unit-disk graph assumption.

Taking account of al three components of geometric
agorithms, we could generalize the overal structure of
our work as follows.

1) Construct the planar subgraph from the graph
represented the given set of nodes.

2) A node sends packet to its geometrically closest
neighbor until it reaches to the destination.

3) If there exists no such neighbor i.e, greedy
traversal fails.

4) Then invoke the greedy (face) traversal agorithm
(right-hand rule is implicit in this step) to recover
from failure.

5) If face traversal come across a node closer to the
destination.

6) Then recover from failure by falling back to greedy
traversal i.e. Goto Step 2.

In the remainder of this section, we discuss some mgjor
reasons, which lead to the failure in the construction of
planar subgraph. From the practical viewpoint, the unit-
disk graph assumption fails two circumstances. Firstly, the
node may estimate its position incorrectly. Secondly, the
presence of obstacles, which causes the regularity in the
communication ranges. These two practical circumstances
cause the best geometric/phase routing algorithms|[7], [8],
[26], [27], [29] in severe degrading in the performances,
even responsible for failure in some instances. The devia-
tions from ideal behavior can cause three kinds of failures
in the construction of planar subgraph.

One of the most important consequences of the node’s
incorrect estimation of its position is that it can leave
unidirectional links in the derived subgraph [29], which
is usually Gabriel graph or relative neighborhood graph.
Particularly, At least one of the node = (say) does not
know the existence of at least one node y (say) in the
communication graph and node x keeps link with some
other node that should not be there in the resultant
subgraph. On the other hand, other node removesthe same
link. It is easy to see that incorrect estimate of node's
position leads to these unidirectional links. Furthermore,
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these unidirectional links can produce an infinite loop
during face traversal. Using the same line of arguments,
we can show that the algorithm may leave the cross-links
in the resultant subgraph. References [29], [32] discuss
incorrectly removal of links and leaving the cross-links
in the subgraph in their smulation studies.

The presence of obstacles can also cause a link to
be incorrectly removed from the resultant subgraph,
which clearly results in a disconnected subgraph. As we
have mentioned above, a disconnected resultant subgraph
causes a face traversal failure. By failure in the traversal
we mean that greedy traversal cannot reach certain nodes,
since the resultant subgraph is partitioned. Again, the
similar line of arguments can show that crossing links
in the resultant subgraph can cause persistent routing
failures. In this case, the failure is usually due to the
infinite loop.

VI. OVERALL STRATEGY OF THE ALGORITHM

For the ease of the presentation, the overall strategy of
the algorithm can be divided in two distinct phases. The
phase | extracts the connected and planar graph from the
given graph while phase Il does the actual routing on the
graph produced by phase I.

In the phase |, we proposed the distributed algorithm,
which is based on the [24], on unit disk model. The basic
idea of the algorithm is as follows. Each node in the given
graph, G, broadcast its identity and position (coordinates)
and; gather identities and positions of their neighbor
nodes. Using this information, each node u computes the
local Delaunay triangulation, L DG, such that edges of
the triangles are not larger than one unit. This part of the
algorithm is based on the distributed algorithm proposed
in [24]. Now each node sends the message to its neighbor-
ing node to remove the edges which are not Gabriel edges.
When node u receives a message REM OV E(edge(u, v)),
it accepts if there is no point (some node) lies in the
disk of diameter ||uv|| otherwise, rejects it by sending
the message REJECT (edge(u, v)). For example, if node u
sees that there is a point (some node) in the intersection
of its closed neighborhood, 9t(u)U{u}, and the disk of
diameter ||, disk(u,v), then node v sends the message
to node v (along with other neighbors) to remove the edge
(u, v), REMOVE(edge(u, v)). Similarly, node v sends the
message to remove edge (v, ) to node u (along with
other neighbors), if it sees that there exists some node
in (M(v)U{v})Ndisk(v,u). If w and v both sent and
received the message REMOVE, then the edge (u, v) will
be removed. In other words, if node « has sent the remove
message to node v and also received the remove message
from node v, then the edge (u, v) is removed from the
local Delaunay graph, LDG. Since DT is planar and
GG is connected, therefore, the graph produced by the
algorithm is planar and connected.

In the phase I, we will run the routing algorithm based
on the Face algorithm [7] (see Section Il for detailed
description) on the graph computed by the algorithm in
the phase I.
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VIl. PLANAR GRAPH CONSTRUCTION

This section presents the fully distributed algorithm to
extract the connected, planar graph. This algorithm also
appeared in [5] and the informal version appeared in
Reference [6]. The idea of the construction of the planar
subgraph is based upon the [24]. Li et a. [24] proposed
a localized algorithm that constructs a sequence graphs,
called localized Delaunay LDel®)(N). Our proposed
algorithm starts with Li et al. localized algorithm and
systematically removed the edges such that the resultant
subgraph is connected. We formalize the idea presented
in section VI in the distributed algorithm as follows.

Algorithm: Connected Graph

1. Each node u broadcast its identity and listens to the
messages form other nodes.

2. Each node u computes the DT with its neighbors
(with 9[u] =9(uw)U{u})

3. For each edge wv, such that disk with diameter ||uvl|
contains no other points of N. Let Auvw and Auvz
be two triangles with common edge wwv.

4. For each edge ueM(u)U{u}

4.1. Find al triangles € Del(9M(u)U{u} such that
[[uv], [[owl], [Jwo] < 1.
4.2. IF disk(u, v)N((D(w)Nu)\{u,v})#{}, THEN
4.2.1. Node u broadcast a message
PROPOSAL (edge(u, v)) to remove
edge(u, v) from Delaunay triangle Auvw.
4.2.2. Node u listens to the message from other
nodes.

5. When node v receives a message

PROPOSAL (edge(u, v))
5.1. Node v checks the existence of some node in its
closed neighborhood i.e.,
5.1.1. IF disk(u, v)N((M(v)Uv)\u,v)#{} THEN
5.1.2. Node u broadcast the message
ACCEPT (edge(u, v))
[lu accepts the proposal to removing
edge(u, v).
ELSE
5.1.3. Node u broadcast the message
REJECT (edge(u, v))
lu rejects the proposal to removing
edge(u, v).

6. IF edge(u, v) € Del(M; (u)U{u}) AND [u and v sent
REJECT S(edge(u, v))] THEN
6.1 Node u deletes the edges (u,v) from its set

of incident edges.

The basic technique here is to find the intersection of
UDG and local Delaunay triangulation (see lines 4.2 and
5.1.1). This technique was proposed in [8] in which Bose
et al. used Gabriel graph with unit graph and showed
that minimum spanning tree is a subgraph of unit graph.
Since, M ST (N) isasubset of DT'(V), we can apply the
same technique [8] to show that the resultant subgraph
is connected if the intersection of unit disk graph and



JOURNAL OF NETWORKS, VOL. 2, NO. 6, DECEMBER 2007

the graph produced by the above algorithm is connected.
Hence the following lemma.

Lemma 2: If the unit disk graph of the given set,
UDG(N) is connected, then LDel(N) N UDG(N) is
connected.

Proof:

Let's take the negation of the lemma and suppose
it to be true. That is, there exists an edge (u,v) €
MST(N) such that ||uv]||> 1. Removing the edge(u, v)
form M ST (N) will splits the graph into two connected
components C; and Cs such that v € C; and v € Cs.
By definition, U DG(N) is connected, it means that there
must exists some edge (w,z) with || wa ||< 1 such
that w € C1(N) and = € Co(N). If the edge (u,v) is
replaced by the edge (u, v), then the resultant graph on
N would be connected with weight lessthan M ST(N), a
contradiction. Thus, the graph produced by the algorithm
is connected. ]

The following lemma, which is based on [24], estab-
lishes the relation between the subgraph produced by the
algorithm and the Gabriel graph i.e. the edges computed
by the algorithm is in fact Gabriel edges.

Lemma 3: If the edge (u’,v") computed by the algo-
rithm intersects a local Delaunay triangle (u, v, w), then
either v’ or ¢’ is inside the disk (u, v, w).

Proof: Let triangle (u,v,w) be a triangle with
circumcenter ¢, then by definition, at least one of the u, v,
or w must be on the different side of the line u’v" with
center (say u). If bothu’ an v’ are outside of circum circle
defined by (u,v,w), then Zv'uw’ > /2. Therefore, u is
inside the disk (u,v), which is contradicts that u'y’ is a
Gabriel edge. [ |

Now we show that the graph produced by the algorithm
is planar.

Lemma 4: The Algorithm Connected Graph produced
the planar graph G.

Proof: Assume that there exists an edge (z, y) such
that (x,y) intersects triangle (u, v, w). Now, edge zy is
either a Gabriel edge or an edge of a Delaunay triangle.
If xy is a Gabriel edge, then either x or y is inside
the disk (u,v,w). On the other hand, if xy is an edge
of a Delaunay triangle, then either x or y is inside the
disk (u,v,w). In any event, there exists one endpoint
(either = or y) with is outside of disk(u,v,w). This
means that = (say) is inside the closed neighborhood,
N(u)U{u}, and y (say) outside the closed neighborhood,
M(u)U{u}. This implies that there is a path from side
the closed neighborhood, N (u)U{u}, to the outside of
the neighborhood (since algorithm produces connected
graph), a contradiction. Thus, there is no edge in the
resultant graph that intersects triangle (u, v, w). Since we
have no intersecting edges in the resultant graph, the
graph is planar by definition. This completes the proof.

]

Although, the above a lemma showed independently
that the resultant subgraph produced by the algorithm
is planar, we can deduced the planarity of the resultant
subgraph from Lemma 2 as follows. Since U DG is planar
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and the local Delaunay triangulation is planar, therefore,
the intersection of U DG and Delaunay triangulation must
be planar.

The subsequent line of arguments is based on the
Li et a. [24], for brief introduction see Section V.
Since a graph produced by the algorithm is planar by
Lemma 4, and a proposa made only if Zwuv > 7/3,
node u broadcasts at most 6 proposals. And each proposal
is replied by at most two nodes. Therefore, the total
communication cost is O(dlogd) bits, where d is the
degree of a node.

VIII. GEOMETRIC ROUTING

In this section we describe an algorithm for routing
in planar graph obtained in the previous section. The
informal versions of this algorithm appeared in [5], [6].
The algorithm is based on [7] and the basic idea is as
follows. Let f be the face of G with a starting point p
on its boundary that intersects line segment (p, t), where
t is the destination. Using right-hand rule, traverse the
face f in the counterclockwise direction. If the edge
(u,v) of the face f intersects with (p,t) at p’ and
dist(p’,t) < dist(p,t) then this intersection p’ becomes
the new starting point p. In the similar fashion traverse
faces until p becomes a destination ¢. We used the same
idea but instead interchanging the points, the traversal
moves to the adjacent face crossed by line segment (p, t)
as suggested in [8]. Note that even though we have not
mentioned it explicitly in the algorithm, the traversal is
accomplished by right-hand rule. See Section V for the
relation between traversal and right-hand rule .

Algorithm Greedy Traversal

p=s
for all edge (u,v)€ f do
if (u,v) intersects (p,t) at a point p’ then
if face f contains p and p = ¢ then
we are done
else
move to the adjacent face

For the sake of the argument (adversary argument),
we say that the above algorithm might drop the packet
if a point, p’, for a face change is not found after the
complete face traversal. We claim that since underlying
graph is planar, this situation will never occur provided
the destination is connected. Reader may refer to the
Section V for details. In particular, since underlying
subgraph is planar by Lemma 4 and the destination is
connected (implied by Lemma 2), the face-change rule
must always find a face closer to destination than the
current face along line segment j oining source-destination.
See brief introduction of face routing [ 7] in the Section 11.

The subsequent two lemmas establish the correctness
by showing the forward progress of the packet and that the
agorithm will terminate after executing a finite number
of steps.
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Lemma 5: Algorithm Greedy-Traversal reaches desti-
nation ¢ in a finite number of steps.

Proof: Since the underlying graph is connected and
planar by Lemma 4 and since the distance to the desti-
nation is decreasing during each pass of the algorithm,
therefore, algorithm Greedy-Traversal reaches destination
t in a finite number of steps. [ |

Following lemma gives the bound on the number of
steps.

Lemma 6: Algorithm Greedy-Traversal reaches the
destination ¢ after at most 4|F| steps, where |E| is the
number of edgesin G.

The key to the proof of Lemma 6 is that the algorithm
must go across the entire face f to determine the point of
intersection and then must return to the intersection point.
For proof, reader may consult [7]. However, to emphasis
the importance of Lemma 6 in the context of the geomet-
ric algorithms, we like to add interesting point regarding
the bound appeared in the Lemma 6. That is, Bose et
al. [8] suggested the way to reduced the bound 4| E|. They
proposed that the bound 4| E| of the face routing [7] can
be reduced to 3|E| by forcing the agorithm to follow
the shortest path when returning to intersection points.
Although we believe that this “cunning” observation of
Bose et a. [8] would increase the performance of any
face routing algorithm [7], [8], [14], [20] in practice
especidly, in the case of present work, but we are not
sure what consequence this might have on the algorithmic
complexity. Particularly, how this “shortest path” calcu-
lation influence the overall complexity of the algorithm.
We hope to extend the present work by including this fine
point of Bose et al. [8].

IX. LOWER BOUND ANALYSIS

This section presents a lower bound for the routing
algorithm running on the connected planar graph con-
structed in Section VII. We formalized the reasoning
presented in [15] to establish the lower bound of the
algorithm.

Lemma 7: The algorithm presented in section has the
cost 2(n?) where n is the number of nodes in G.

Proof: Suppose G be the Euclidean graph G and 2k,
where k is positive integer, nodes are evenly distributed on
acircle. Since we are working on U DG, it is reasonable
to suppose (without loss of generality) that the Euclidean
distance between neighboring nodes is exactly 1. There
are routes (paths) from the nodes on the boundary of circle
towards the node at the center of the circle such that the
distance between adjacent nodes is exactly 1. Now, let s
be the particular but arbitrarily chosen node on the circle
boundary such that there exists a route (path) from node
s to the node ¢ at the center. The agorithm finds the
route (path) from the source node s to the destination
node to at the center. As shown in [15], an optimal route
between source and the destination follows the shortest
path on the circle until it hits the node s and then directly
follows s’s path to t. The cost of such link is not larger
than the number of nodes in a circle of given radius i.e.
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¢ < k+r+1. In other words, the cost of the optimal
path from source s at the circle boundary to destination
t at the center is O(n). In this scenario, the goal of the
routing algorithm is find the correct path that leads to the
destination node ¢. Since according to our assumption,
there is no routing information is stored at the node, the
only way to find such path is search exhaustively for the
required path. Therefore, the algorithm has to explore n 2
nodes in the worst case. Because the underlying graph is
unit disk graph with edge length exactly 1 (according to
our assumption) leads to the cost £2(n?). This completes
the proof. [ ]

We have shown that in the worst the case our algorithm
is quadratic in the cost of an optimal path in the given

graph G.

X. CONCLUSION AND OUTLOOK

We have presented a technique to extract the connected,
planar subgraph for geometric routing algorithms. We
considered the idealized unit disk graph model in which
nodes are assumed to be connected if, and only if, nodes
are within their transmission range. The main contribution
of this paper is a fully distributed agorithm to extract
the connected, planar graph for routing in the wireless
networks. The communication cost of the proposed algo-
rithm is O(d log d) bits, where d is the degree of a node.
We have also presented the geometric routing algorithm
that is based upon the famous Face Routing algorithm.
The agorithm is fully distributed and nodes know only
the position of other nodes and can communicate with
neighboring nodes in their transmission range. We have
shown that in the worst case our algorithm is quadratic
in the cost of an optimal path in the given graph.

Mobility is one of the most important features of an ad
hoc wireless networking, but we have limited the scope of
the present work by assuming that the routing was taking
place much faster than nodes movement. The inclusion of
node(s) movement is the next logical topic for the future
research. In addition, we hope to extend our work beyond
the flat topology. A promising direction is to work in 3D-
volumes rather than 2D-faces.
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