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Abstract— This paper proposes a localized recursive esti-
mation scheme for parameter estimation in wireless sensor
networks. Given any parameter of a target occurring at
some location and time, a number of sensors recursively
estimate the parameter by using their local measurements of
the parameter that is attenuated with the distance between
a sensor and the target location and corrupted by noise.
Compared with centralized estimation schemes that transmit
all encoded measurements to a sink (or a fusion center), the
recursive scheme needs only to transmit the final estimate
to a sink. When the sink is faraway from the sensors and
multihop communications have to be used, using localized
recursive estimation can help to reduce energy consumption
and reduce network traffic load. A sensor sequence with
the fastest convergence rate is identified, by which the
variance of estimation error reduces faster than all other
sequences. In the case of adjustable transmission power, a
heuristic has been proposed to find a sensor sequence with
the minimum total transmission power when performing the
recursive estimation. Numerical examples have been used to
compare the performance of the proposed scheme with that
of a centralized estimation scheme and have also shown the
effectiveness of the proposed heuristic.
Index Terms–parameter estimation, recursive estimation,
energy efficiency, wireless sensor networks.

I. I NTRODUCTION

Recently,wireless sensor networks(WSNs) that consist
of a great number of sensors each capable of sensing,
processing and transmitting environmental information
have attracted a lot of research attentions [1]. Sensor
networks can be used for example in environmental
monitoring, military surveillance, space exploration etc.
One of the important characteristics of sensor networks
is that sensors cooperate to perform some functions. For
example, sensors can cooperate to track an intruder or es-
timate a signal. This paper studies the estimation problem
in a WSN: how to efficiently estimate a parameter of a
target (e.g., the amplitude of a seismic or acoustic signal)
located on a known location by cooperation of sensors.

Fig. 3 illustrate an example scenario for such target
parameter estimation where several geographically dis-
tributed sensors are used to estimate the parameter of
the target. The signal parameter might be attenuated with
distance (as illustrated by the dashed concentric circles).
Each sensor may make an local measurement of the
attenuated parameter and the measure might be corrupted

0This paper was presented in part at the International Conference on
Mobile Ad-hoc and Sensor Networks (MSN05), Wuhan, China, 2005.

by noise. Since sensors are geographically distributed,
their measurements of the same parameter thus have some
spatial correlations. Furthermore, since each sensor is
normally installed with a limited energy battery, energy
consumption is a critical issue in sensor networks. Ex-
ploiting correlations in sensor networks can lead to signif-
icant potential advantages for the development of efficient
communication protocols well-suited for the paradigm of
WSNs [2]. The estimation efficiency here mainly refers
to reducing energy consumption from the computations
and transmissions when performing an estimation.

In WSNs, one way to reduce energy consumption is to
use few bits to encode measurements while still meeting
certain performance requirements [3]. Some schemes have
been proposed for energy efficient estimation along this
line [4][5][6][7] [8]. In these schemes, the basic idea is to
reduce the bits needed to encode the local measurements.
An universal distributed estimation scheme with one-bit
message encoding functions has been proposed in [4][5]
for a homogeneous WSN where sensors have observations
of the same quality. In [6][7][8], an inhomogeneous
sensing environment was considered, and the length of an
encoded message is decided by the local signal to noise
ratio. Suppose that we needK sensors’ measurements to
perform an estimation. These schemes require that allK
sensors transmit their encoded measurements (messages)
to a fusion center where an estimate is obtained via batch
processing of theK messages. When the sink is far away
from the K sensors and/or multi-hop communications
have to be used, the transmission of these messages not
only consumes much energy but also increases network
traffic load even if the messages are short. Furthermore,
it is generally believed that in a WSN the energy required
for local computation is much less than that used for
communications [1][9].

The above observations motivate us to propose a lo-
calized recursive estimation scheme in this paper. The
proposed scheme performs the estimation locally and
recursively by the sensors measuring the parameter. A
sensor performs estimation based on its own measurement
and the intermediate estimation results from its upstream
sensor. After performing estimation, it then transmits its
intermediate estimation results to the next downstream
sensor. At the termination of estimation, the last sensor
transmits only the final estimate to the sink. In a large
scale WSN, the communications overhead hence can be
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reduced significantly. Furthermore, unlike the measure-
ment model used in [4][5][6][7] [8], we use a more
realistic distance based measurement model where signals
decay with distance when a wavefront expands [9]. Based
on this measurement model, a sensor sequence with the
fastest convergence rate is identified and by which the
variance of estimation error reduces faster than all other
sequences. In the case of adjustable transmission power,
we propose a heuristic to schedule sensors’ transmissions
in order to further reduce the total transmission power
for the sensors transmitting their intermediate estimation
results. Numerical examples have been used to compare
the performance of the proposed scheme with that of a
centralized estimation scheme and have also shown the
effectiveness of the proposed heuristic.

The rest of the paper is organized as follows. SectionII
presents the problem formulation for parameter estimation
in sensor networks. A localized recursive parameter esti-
mation scheme is provided and its property is analyzed
in SectionIII . SectionIV gives some numerical examples
and some concluding remarks are provided in SectionVI .

II. PROBLEM FORMULATION

Consider a snapshot of a sensor field with a set ofK
geographically distributed sensors, each making a mea-
surement on an unknown parameterθ at some location
and time. The scenario can be the sensing an acoustic
or seismic signal of amplitudeθ. Let dk, k = 1, 2, ...,K
denote the distance between a sensork and the parameter
θ. The parameterθ is assumed to decay with the distance,
and at distanced it is θ/dα, where α > 0 is the
decay component. Furthermore, the measurement of the
parameter at a sensor is corrupted by an additive noise.
This model has been widely used to model acoustic sig-
nals [10] and applied for acoustic source localization [11].
Let xk denote the measurement of the parameterθ at a
sensork, and is given by

xk =
θ

dα
k

+ nk, k = 1, 2, ...,K. (1)

The objective of a parameter estimator is to estimateθ
based on the corrupted measurements. Letθ̂ andθ̃ = θ−θ̂
denote the estimate and the estimate error, respectively. A
commonly used criterion is to minimize themean squared
error (MSE) of an estimator, i.e., to minimizeE[θ̃2].
Since sensors are geographically distributed, they need
to encode the measurements to messages and then these
messages are transmitted to a fusion center which gener-
ate an estimate according to a fusion function. The design
of these message functions ({mk : k = 1, 2, ...,K})
and the fusion function (Γ(m1,m2, ...,mK)) has been
discussed in [4][8], where an estimate is made based on
a batch process of all the measurements. We note that
these schemes are referred to as distributed estimation
schemes in [4][8] as the measurements are distributed.
However, the estimation processing (the fusion function)
is centralized and is based on the availability of the batch
measurements, which needs all theseK measurements
to be transmitted to the center. Hence, their estimation

scheme is calledcentralized batch estimation scheme
(CBES) in this paper, and is illustrated by Fig.1.

It is generally believed that in sensor networks the
energy required for local computation is much less than
that used for communications. In CBES, transmitting all
measurements to the fusion center might cause high traffic
load and consume much energy in a WSN, especially
when the fusion center is far away where multi-hop
communications are needed. This motivates us to propose
to use alocalized recursive estimation scheme(LRES) to
address this problem. In LRES,K sensors are considered
to be connected in tandem (via radio) for parameter
estimation. Without loss of generality, assume sensork
is a predecessor of sensork +1. This means sensork +1
makes an estimate based on its own measurementsxk

and its predecessor’s output. Finally, the sensorK makes
the last estimate and sends it to the sink. Suppose that
each sensor isi hops away from the sink while any
two successive sensors are only one hop away, a simple
calculation shows a total of a number of(i−1)×(K−1)
communications can be saved. Furthermore, if an estimate
is suitably transmitted, a sensor no longer needs a message
function to encodexk to a messagemk, which further
reduces energy consumption. An LRES is illustrated by
Fig. 2. We note that to estimatêθ(k), another parameter
B(k − 1) together with the estimatêθ(k − 1) from its
predecessor sensor need to be transmitted. The definition
and computation ofB(k) is given in next section. Com-
pared with the CBES illustrated by Fig.1, the LRES need
not encode the measurements, however, the parameter
B(k) and the estimatêθ(k) might need to be suitably
encoded and transmitted. The next section presents a
general recursive estimation algorithm to construct a local
fusion function based on a best linear unbiased estimator.

Some notation remarks are summarized here. We use
θ̂k to denote the estimate from a CBES whenk mea-
surements are used for estimation, andθ̂(k) to denote the
estimate produced by thekth sensor in LRES after the
estimates from its previousk − 1 sensors. Boldface is
used to denote vectors and matrixes; andDT denotes the
transpose of matrixD.

III. A L OCALIZED RECURSIVEESTIMATION SCHEME

A. A recursive estimation algorithm

The measurement given by (1) can be written in matrix
form for K sensors as

X = Dθ + N, (2)

where X = (x1, x2, ..., xK)T , D =
(d−α

1 , d−α
2 , ..., d−α

K )T , and N = (n1, n2, ..., nK)T . The
additive noises are assumed to be spatially uncorrelated
white noise with zero mean andσ2

k variance, but
otherwise unknown. The covariance matrix of noises
{nk : 1, 2, ...,K} is given by

R = E[NNT ] = diag[σ2
1 , σ2

2 , ..., σ2
K ]. (3)

Note thatR is symmetric and positive definite. A well-
knownbest linear unbiased estimator(BLUE) [12] can be
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Fig. 1. Illustration of a centralized batch estimation scheme (CBES).Fig. 2. Illustration of a localized recursive estimation scheme (LRES).

applied to estimatêθK and to achieve a minimum MSE.
According to BLUE, whenK measurements are available,
the estimatêθK of the original signalθ is given as

θ̂K =
[
DT R−1D

]−1
DT R−1X. (4)

The MSE of BLUE is given as

E[(θ − θ̂K)2] = (DT R−1D)−1, (5)

and the estimation error̃θ is given as

θ̃K = θ − θ̂K = −[DT R−1D]−1DT R−1N. (6)

Note that Eq.(4) also gives the fusion functionΓK when
K measurements are available. The following theorem
provides a recursive BLUE for our problem.

Theorem 1:Thekth sensor can make an estimateθ̂(k)
by using the following recursive structure

θ̂(k) = θ̂(k−1)+
B(k)
dα

k σ2
k

(
xk −

θ̂(k − 1)
dα

k

)
, k = 1, 2, ...,K,

(7)
where

B(k) =
(

1
B(k − 1)

+
1

dα
k σ2

k

)−1

(8)

These equations are initialized bŷθ(0) = 0 and B(0)
equal to a very large number.
Proof: With a little abuse of notation, we use subscript
k to indicate the dimension for vectors and matrix. For
example,Xk = (x1, x2, ..., xk)T denotes ak × 1 vector,
and Rk denotes ak × k matrix. The objective of our
recursive estimator is to produce the same estimate as
that of the batch estimator. This implieŝθk = θ̂(k), k =
1, 2, ...,K. Hence we rewrite (4) as

θ̂(k) = θ̂k = [DT
k R−1

k Dk]−1DT
k R−1

k Xk. = B(k)A(k)
(9)

whereA(k) = DT
k R−1

k Xk andB(k) = [DT
k R−1

k Dk]−1.
With some algebra, we have

A(k) = DT
k R−1

k Xk

=
k∑

i=1

xi

dα
i σ−2

i

=
k−1∑
i=1

xi

dα
i σ2

i

+
xk

dα
k σ2

k

= A(k − 1) +
xk

dα
k σ2

k

. (10)

and

B−1(k) = DT
k R−1

k Dk

=
k∑

i=1

1
d2α

i σ2
i

=
k−1∑
i=1

1
d2α

i σ2
i

+
1

d2α
k σ2

k

= B−1(k − 1) +
1

d2α
k σ2

k

(11)

Rewrite (11) as

B(k) =
(

1
B(k − 1)

+
1

d2α
k σ2

k

)−1

(12)

Now we come to derive the relationship betweenθ̂(k)
and θ̂(k − 1). By using (10), (11) and (12), and the fact
A(k − 1) = B−1(k − 1)θ̂(k − 1), we obtain

θ̂(k) = B(k)A(k) = B(k)
[
A(k − 1) +

xk

dα
k σ2

k

]
= B(k)

[
(B−1(k)− 1

d2α
k σ2

k

)θ̂(k − 1) +
xk

dα
k σ2

k

]
= θ̂(k − 1) +

B(k)
dα

k σ2
k

(
xk −

θ̂(k − 1)
dα

k

)
(13)

Note that when choosinĝθ(0) = 0 and B(0) equal to a
very large number,B(1) ≈ d2α

1 σ2
k and hence

θ̂(1) = dα
1 x1 = θ + dα

1 n1 (14)

which is the same aŝθ1, i.e., setK = 1 in (4).
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The first sensor only needs its local measurementx1,
its distance informationdα

1 and its local noise variance
σ2

1 to computeθ̂(1). For kth sensor (k = 2, 3, ...K), the
computation of̂θ(k) needs the estimate andB(k−1) from
its predecessor sensorθ̂(k − 1) as well as its local mea-
surement, its distance information and its noise variance.
SinceB(k− 1) is a scalar, the transmission overhead for
B(k − 1) is small. In (7), the termθ̂(k − 1)/dα

k can be
considered as a prediction of the actual measurement of
xk, and hence[xk− θ̂(k−1)]/dα

k can be considered as the
prediction error. Consequently,̂θ(k) can be considered as
a combination of the just computed̂θ(k−1) with a linear
transformation of the prediction error.

Sinceθ̂(k) = θ̂k for k = 1, 2, ...,K, some properties of
the batch estimator (4) are also applicable to the recursive
estimator (7). Recall that the estimator given by (4) is
an unbiased estimator sinceE[θ̂K ] = θ. Accordingly, the
following unbiasedness definition is used for the recursive
estimator. Furthermore, the recursive estimator (7) is also
an unbiased estimator.

Definition 1: A recursive estimator̂θ(k) is an unbiased
recursive estimator of a deterministic parameterθ if

E[θ̂(k)] = θ, for all k = 1, 2, ...,K. (15)
Corollary 1: The recursive estimator given by (7) is an

unbiased recursive estimator.
The proof can be based on the fact thatθ̂(k) = θ̂k or
by a simple induction argument. From Corollary1, the
variance of thekth estimateV[θ̂(k)] = E[(θ̂(k)−θ)2] and
can be obtained via (5). Furthermore,V[θ̂(k)] = B(k) and
(8) can be considered as a recursive structure ofV[θ̂(k)].

Corollary 2: The variance of thekth estimateV[θ̂(k)]
of the recursive estimator satisfies

V[θ̂(k)] = E[(θ̂(k)− θ)2]

=

(
1

V[θ̂(k − 1)]
+

1
d2α

k σ2
k

)−1

(16)

and

V[θ̂(k)] < V[θ̂(k − 1)] (17)

for k = 1, 2, ...,K, where1/V[θ̂(0)] ≈ 0 by appropriately
choosingV[θ̂(0)].
Since the recursive estimator computes the variance recur-
sively, the recursive estimator is also called thevariance
form of recursive BLUE. Furthermore, (17) indicates
that the more sensors are used for parameter estimation,
the better the estimation performance in terms of mean
squared estimation error.

The recursive estimator can stop the estimation when
the error performance is achieved or when the improve-
ment of the estimate is small. Letε denote the required
error variation. WhenB(k) ≤ ε, the kth sensor stops
forwarding the estimatêθ(k) and B(k) to its successor
but sends to the sink. Another criterion is that when
B(k)−B(k − 1) ≤ ε′, the recursive estimation stops.

B. The sensor sequence with the fastest convergence rate

The choice of the order of the sensors to perform
parameter estimation impacts the convergence rate (to
a given error threshold) of the recursive estimator. In
some cases, we might not use all theK sensors when
we already obtain an estimate with required error per-
formance. Corollary1 states that the recursive estimator
is an unbiased one and the mean of the estimation error
E[(θ − θ̂(k))] = 0 for all k. However, the variance of
the estimation error of the recursive estimator might be
dependent on the choice of the sequence of sensors as
well as the number of measurements. Recall that BLUE
is designed for minimizing MSE. This motivates us to
use the variation of the estimation error to measure the
convergence rate. From Corollary2, this is equal to
using V[θ̂(k)] to measure the estimation efficiency. Let
K =< k1, k2, ..., kK > denote a sequence ofK sensors.
The following definition gives efficiency measurement
for choices of the order of sensors, and Theorem2
provides necessary conditions for a sequence with the
fastest convergence rate.

Definition 2: A sequence of sensorsK =<
k1, k2, ..., kK > is said to converge faster than another
sequenceK

′
=< k′1, k

′
2, ..., k

′
K > if

V[θ̂(ki)] ≤ V[θ̂(k′i)], for all i = 1, 2, ...,K. (18)
Theorem 2:The sensor sequence K =<

k1, k2, ..., kK > with the fastest convergence rate
should satisfy

d2α
k1

σ2
k1
≤ d2α

k2
σ2

k2
≤ · · · ≤ d2α

kK
σ2

kK
. (19)

Proof: The proof proceeds by induction on the construc-
tion of K. For i = 1, we haveθ̂(1) = θ + dα

1 n1 and
hence

V[θ̂(k1)] = E[(θ̂(k1)− θ)2] = d2α
k1

σ2
k1

. (20)

Obviously the smallestV[θ̂(k1)] is achieved when choos-
ing the sensork1 such thatd2α

k1
σ2

k1
is the smallest among

all sensors. Now assume the construction ofK is the
most efficient fori sensors, i.e., the sequence of selected
sensors is as< k1, k2, ..., ki > such thatd2α

k1
σ2

k1
≤

d2α
k2

σ2
k2
≤ ... ≤ d2α

ki
σ2

ki
and V[θ̂(ki)] is the one with the

fastest convergence rate for1, ..., i. From (16), we have

V[θ̂(ki+1)] =
1

1
V[θ̂(ki)]

+ 1
d2α

ki+1
σ2

ki+1

(21)

Consider another sequence constructionK
′

which is also
with the fastest convergence rate for the firsti sensors,
however, the(i + 1)th sensor is different fromK. From
(21), it is easily to see thatV[θ̂(ki+1)] ≤ V [θ̂(ki+1)] im-
plies thatd2α

ki+1
σ2

ki+1
≤ d2α

k′
i+1

σ2
k′

i+1
, that is, the selection

of the ki+1 sensor should also satisfy (19). Hence the
desired result is obtained from the induction.
When all sensors have the same noise variance, we have
the following corollary.

Corollary 3: When all sensors have the same noise
variance, i.e.,σ2

1 = σ2
2 = ... = σ2

K , the most efficient

JOURNAL OF NETWORKS, VOL. 1, NO. 2, JUNE 2006 21

© 2006 ACADEMY PUBLISHER



Fig. 3. Target Parameter Estimation by Geographically Distributed
Cooperative Sensors. The parameter is attenuated with distances.

sequence of sensorsK =< k1, k2, ..., kK > satisfies

dk1 ≤ dk2 ≤ · · · ≤ dkK
. (22)

C. Sensor sequence composition with variable transmis-
sion power

As discussed above, if the firstK closest sensors
achieve the required estimation error, we can compose
them to a sensor sequence with the fastest convergence
rate by their distances to the target. Fig.3 illustrates
an example where 6 sensors are needed to guarantee
required estimation error. Suppose that their distances
to the target ared1 ≤ d2 ≤ ... ≤ d6. The sensor
sequence< s1, s2, s3, s4, s5, s6 > is the one with the
fastest convergence rate. If all the sensors in an estimation
sequence transmit with the same power level and by
which they can form a connected graph, then the sequence
with the fastest convergence rate has the same total
transmission power cost as that of any other allowable
estimation sequence. In some cases, the transmission
power can be dynamically adjusted and the minimum
power is used to achieve the required transmission quality
which is dependent on the distance between the sending
sensor and the receiving sensor. A commonly used model
for adjustable transmission power between sensori and
receiverj is as

pt
ij = C × dβ

ij , (23)

where C is a constant,β the radio transmission decay
exponent anddij the Euclidean distance betweeni and
j. In such cases, we may need to compose a sensor
sequence for the firstK closest sensors with the least
total transmission power, denoted byK

t
. We note that

K
t

may not be unique.
For simplicity, we assume that the firstK closest

sensors can form a connected graphG = (V,E) with
the edge costc(i, j) ≡ pt

ij between two verticesi and
j. If node i cannot reach nodej with the largest power,
we set c(i, j) = ∞. The sequence with the least total
transmission power,K

t
=< kt

1, k
t
2, ..., k

t
K >, is a simple

pathof lengthK in the graph with the minimum cost, i.e.,

K
t

minimizes
∑K−1

i=1 c(kt
i , k

t
i+1). Suppose that we add a

virtual vertexv′ connecting to all other vertices with zero
costs and form a new graphG′ = (V

⋃
{v′}, E′). Then

our problem can be converted to a constrained version
of the classicHamiltonian Circuit (see e.g., [13] page
47) as to find ahamiltonian circuit (or cycle)starting at
v′ and ending atv′. The Hamiltonian Circuit problem is
NP-complete and our problem can also be proven to be
NP-complete with the similar arguments.

For small value ofK, exhaustive search can be used
to find an optimal solution: selectK

t
from all possible

2K sequences. For medium to large value ofK, we
propose a heuristic to find a total transmission power
efficient sequence as follows. Observe that the firstK
closest sensors are confined within a disk centered at
the target with the radius of the largest sensor distance
to the target. We propose to form a sequence by anti-
clockwise/clockwise adding sensors. TableI describes our
heuristic. We useφi to denote the angle between the line
siθ (connecting sensorsi and the target) and the X-axis,
0 ≤ φi < 2π. We usesc to denote the last selected
sensor andφc its angle. The composition begins with a
trivial sequence consisting of a single arbitrary chosen
sensor as the ”root sensor”. The compositions continues
by anti-clockwise selecting a sensor with the smallest
angle larger thanφc. We use d(sc, s) to denote the
Euclidean distance between sensorsss and s, anddmax

the maximum transmission distance when the maximum
transmission power is used. If the selected sensors is
more thandmax away fromsc, then we come back to the
”root sensor” and the composition resumes by clockwise
selecting a sensor with the smallest absolute value of
the difference between its angle andφc. After the anti-
clockwise and clockwise sensor selection, there may still
have some sensors not included in the sequence. We then
use a common insertion algorithm to insert them into
the sequence. Theinsertion costis defined as the total
transmission power of the sequence when a sensor is
inserted into somewhere of the sequence. The insertion
operation is more computational complicated than the
simple anti-clockwise/clockwise sensor selection. Given
M unselected sensors and a sequence of lengthN , the
former needsO(MN) computations of insertion cost
while the later needs onlyO(M) computations of angle
comparison. It is expected that most of sensors will be
included in the sequence after the anti-clockwise and
clockwise sensor selection ifdmax is large enough. In the
case thatdmax ≥ 2dK , no insertion operation is needed,
wheredK is the largest sensor distance to the target. Given
the example shown in Fig.3, the sensor sequence formed
by our heuristic is as< s1, s3, s5, s6, s4, s2 >.

IV. N UMERICAL EXAMPLES

We present some numerical examples in this section.
For simplicity, we assume that all noises have the same
unit variance. The unit distance is set to achieve a unit
mean squared error when only one sensor is used. 100
sensors are used for estimation with their distances to the
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TABLE I

HEURISTIC FOR COMPOSING A TRANSMISSION POWER EFFICIENT SENSOR SEQUENCE

(01) select an arbitrary sensor as the ”root sensor”sr and setK
φ

=< sr >;
(02) removesr from the available sensor setSK ;
(03) setsc = sr andφc the angle of thesr ; setstatus= anti-clockwise;
(04) while SK is not empty,
(05) switch status,
(06) ’anti-clockwise’:
(07) selects ∈ SK with the smallest angle larger thanφc

(08) if d(sc, s) ≤ dmax,

(09) adds to the rearmost ofK
φ

; removes from SK ; setsc = s andφc the angle ofs;
(10) if d(sc, s) > dmax,
(11) setstatus= clockwise; setsc = sr andφc the angle ofsr ;
(12) ’clockwise’:
(13) selects ∈ SK such that|φc − φs| is the minimum;
(14) if d(sc, s) ≤ dmax,

(15) adds to the headmost ofK
φ

; removes from SK ; setsc = s andφc the angle ofs;
(16) if d(sc, s) > dmax,
(17) setstatus = insertion;
(18) ’insertion’:
(19) selects ∈ SK with the minimuminsertion cost;

(20) inserts into K
φ

(to the position with the minimum insertion cost); removes from SK ;
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Fig. 4. Average mean squared error of the most efficient selection for
a sensor sequence.

target location uniformly random distributed from 0.1 to
100 distance units. The sensor sequence with the fastest
convergence rate is to selectK sensors according to
Corollary 3. A random selection is to randomly selectK
sensors to form a sensor sequence from the 100 sensors,
and the obtained MSE is averaged over 25 selections.
The MSE of the two schemes are then averaged over
20 simulation runs. The results are shown in Fig.4 and
Fig. 5 for the sequence with the fastest convergence
rate and the random sequence, respectively. It is first
observed that the average MSE is lower for a smaller
distance decay componentα since lowα introduce low
distance attenuation. We also observe that the two kinds
of sequences have similar average MSE whenK is larger.
However, it is not unexpected to observe that the average
MSE of the sequence with the fastest convergence rate
converges much faster (10 sensors) compared with that
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Fig. 5. Average mean squared error of the random selection for a
sensor sequence.

of the random selection scheme (50 sensors). Finally, the
long smooth tail of the average MSE in Fig.4 indicates
that only a few number of sensors, e.g., 10 sensors in the
figure, is enough to achieve a target estimation error.

We then compare power consumption for CBES and
LRES. However, since we do not have exact power
consumption values for sensor computations, some ap-
proximations are used in the comparison. Leta1 denote
the processing power for computingB(k) and θ̂(k). We
first consider a simple case of using fixed and maximum
transmission power. Leta2 anda3 denote the receive and
transmit power, respectively. Though the transmit/receive
power might be different for different lengths of packets,
we assume that the transmit/receive power is the same in
CBES and LRES. This is a reasonable assumption as the
encodedB(k) and θ̂(k) might only be a few bytes long.
When the maximum transmit power is used, the transmit
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Fig. 6. Power consumption ratio with multi-hop transmissions: power
consumption of LRES divided by power consumption of CBES.

distance is also fixed to achieve a target transmission error
(though it might be different for different modulation and
encoding schemes). Hence we simply useaverage hops
to measure the distance between local sensors to a sink
(or a fusion center). Furthermore, we assume that sensors
for estimation are within one hop away from each other.
This is also reasonable since we only choose sensors close
to the target location. Suppose there areK sensors and
their average distance to the sink isi hops. Then the total
power consumption for CBES is:K×i×(a2+a3); and for
LRES is:K×(a1+a2+a3)+i×(a2+a3). Some typical
values of a mote sensor by Crossbow Inc., are used for
computation, and they area1 = 16mA, a2 = 8mA and
a3 = 12mA [14]. The power consumption ratio defined
by the power consumption of LRES divided by the power
consumption of CBES is plotted against the number of
average hops in Fig.6. It is observed that when the sink
is only one hop away from the sensors, the CBES is more
energy efficient; however, when the sink is three or more
hops away, the LRES is more energy efficient.

We next consider a scenario that all sensors can
transmit directly to the sink with adjustable transmis-
sion power. In this scenario, there is no receive power
consumption in CBES as data relay is not needed. For
simplicity, we assume that allK sensors have approxi-
mately the same distanced to the sink. We also assume
that the distances between sensors are no more thandmax

and the transmission power between sensors is simplified
as dβ

max. We note that this assumption is a worst case
and the transmission power may be greatly reduced if
transmission power efficient sequence is used. The total
power consumption in this scenario for CBES is:K×dβ ;
and for LRES is:K × (a1 + a2 + dβ

max) + dβ . Fig. 7
plots the power consumption ratio against the distance to
the sink, wheredmax = 1 and β = 3.5. Similar to the
case of multi-hop transmissions, the CBES is more energy
efficient when the sink is close while LRES performs
much better for far away sink.

We finally compare the total transmission cost for three
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Fig. 7. Power consumption ratio with direct transmissions: power
consumption of LRES divided by power consumption of CBES.

sensor sequences discussed in SectionIII-C. They are the
optimal sequencewith the minimum total transmission
cost among all available possible sequences (denoted by
OptiSeq), theheuristic sequencegenerated by our heuris-
tic (denoted by HeurSeq) and theconvergence sequence
with the fast convergence rate (denoted by ConvSeq).
We randomly scatterK sensors within a disk centered
at the target with the diameter equal to the maximum
transmission distance. TableII compares the average total
transmission power of the three sequences. Thecputime
is the computation time measured by the Matlabcputime
function when executing the exhaustive search for finding
the optimal sequence. We note that the computation
time for finding a heuristic sequence and a convergence
sequence is negligible and hence we do not list them in
the table. From the table, we can observe that the gap
between the proposed heuristic and the optimal one is
large for small values ofK. However, when the value
of K increases, the computation time of the optimal
sequence increases exponentially and when the value of
K is greater than 9, the computation time may take
several hours. In such a case, we have to use a heuristic
method to trade-off between computation time and the
performance. On the other hand, we observe that the
heuristic sequence performs much better than the conver-
gence sequence. This is also illustrated by Fig.8 which
compares the average total transmission power for the
two sequences. Since the sensors are randomly scattered,
the distances between two consecutive sensors in the
convergence sequence are randomly distributed also: Two
consecutive sensors in the convergence sequence may be
separated far away and many zigzag transmissions have
to be performed. The proposed heuristic tries to restrict
transmission only between two nearby sensors along with
the circular direction and hence the total transmission
power can be greatly reduced.
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Fig. 8. Average total transmission of the two sequences.

TABLE II

COMPARISON OF AVERAGE TOTAL TRANSMISSION POWER.

cputime Average total transmission power
K OptiSeq OptiSeq HeurSeq ConvSeq
3 2.0e-4 1.59 2.41 2.96
4 1.5e-3 1.30 2.53 3.71
5 8.1e-3 1.53 3.02 6.86
6 7.2e-2 1.41 2.83 7.58
7 5.9e-1 1.29 3.05 9.44
8 7.1 1.23 2.54 11.29

V. RELATED WORK AND DISCUSSIONS

Recently, the problem of how to use geographically
distributed sensors to collectively accomplish estimation
has re-attracted a lot of research attention in the context
of wireless sensor networks [4][5][6][7] [8][15][16][17].
In all of the above work, the parameter to be estimated
is considered to be consistent and does not decay with
distances. The local measurement of a sensor is given by

xk = θ + nk, k = 1, 2, ...,K.

Each sensor sends its quantized (and modulated and/or en-
coded) measurements to a fusion center where the estima-
tion is performed according to a fusion function/estimator
with these messages as its inputs. The main concerns
in the above work are the design and analysis of the
power efficient local message function, fusion function
and modulation strategy.

In [4], Luo proposes anuniversal decentralized esti-
mate schemewhere the optimal message function uses
only one-bit to encode a measurement and1/2 available
sensors are allocated to estimate the first bit of the
unknown parameter,1/4 of the available sensors are
allocated to estimate the second bit of the unknown
parameter and so on. In [5], Luo extends his work
in [4], and proposes anisotropic universal decentralized
estimate schemewhere the local message function and the
fusion function are independent on sensor index, noise
distribution, network size, or network topology. Actually,

the proposed scheme allows sensors to operate identically
and autonomously without global network information.

In [6][7][8], Xiao and Luo propose a decentralized
estimate scheme in aninhomogeneoussensing environ-
ment where sensors may have different local signal-to-
noise ratio (SNR). In the proposed scheme, each sensor
encodes its measurement to a small number of bits with
length proportional to the logarithm of its local SNR. The
proposed scheme is also universal in that the probability
distribution functions of the noises are not required for
the local message function and the final fusion function.

In [15], Krasnopeev, Xiao and Luo extend their previ-
ous work [4]– [8] and propose a decentralized estimation
scheme without the assumption that the sensors’ noises
are independent and uncorrelated. Instead, they consider
the situation that measurements are corrupted bycorre-
lated additive noises. The local message function uses a
simple quantization strategy needing no knowledge of the
noise. The covariance matrix of noises is assumed to be
known in the fusion center and is included in the fusion
function.

In [16][17], Xiao et al combines the decentralized
estimation with the transmission power allocation. Given
the universal decentralized estimation scheme [8] and an
uncodedquadrature amplitude modulation(QAM), the
optimal message function and transmission power level
are determined to minimize the total transmission power
while still meeting the given estimation error requirement.
Sensors with bad measurements or bad channels are
suggested to reduce their quantization levels or become
inactive.

Obviously, we see that our estimation problem dif-
fers with the above in two aspects. One is that our
measurement model considers parameter attenuation with
distances and the other is that we perform localized
recursive estimation and send only the estimate result to
the fusion center, instead of sending all measurements.
In the paper, we have assumed the transmission of real-
valued intermediate estimates. This may not be the case
in practical situations. We note that even in a local
recursive estimation scheme the quantization, modulation
and encoding, and transmission (in noisy channels) of
the intermediate estimates and error variance are also
indispensable to the performance of the estimator. Their
impacts on the performance of a localized recursive
estimator are one of our future work.

VI. CONCLUDING REMARKS

In this paper, we have proposed a localized recursive
estimation scheme for parameter estimation in wireless
sensor networks. Some properties of the scheme have
been analyzed and the sensor sequence with the fastest
convergence rate has been identified. In the case of
adjustable transmission power, a heuristic has been pro-
posed to find a sensor sequence with the minimum total
transmission power when performing the recursive esti-
mation. Numerical examples have been used to compare
the performance of the proposed scheme with that of
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a centralized estimation scheme and have shown the
effectiveness of the proposed heuristic.
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