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Abstract— In this paper, a high-order soft constrained Nash
strategy for weakly coupled large-scale systems is investi-
gated. In order to solve the cross-coupled sign-indefinite
algebraic Riccati equations (CSAREs) corresponding to
strategy, the iterative algorithm on the basis of the Newton’s
method is first applied. Second, the recursive algorithm
for solving the CSAREs is also established to reduce the
amount of algebraic computation as compared with the
Newton’s method. Using these iterative solutions, a high-
order soft-constrained Nash strategy is designed. As a result,
it is proved that the proposed high-order approximate
equilibrium strategies achieve better performance. Finally,
in order to demonstrate the efficiency of the algorithm, a
numerical example is given.

Index Terms—soft constrained Nash strategy, weakly cou-
pled large-scale systems, cross-coupled sign-indefinite al-
gebraic Riccati equations (CSAREs), Newton’s method,
recursive algorithm, high-order approximate equilibrium
strategies

|I. INTRODUCTION

The control problems of weakly coupled large-scale
systems have been studied by several researchers (see [3],
[4] and references therein). In practice, it is known that
such systems are represented by multi-area power systems
[3], distillation columns [11] and cold-rolling mills [12].
They are widely used to represent the system dynamics.

Linear quadratic Nash games and their applications
have been widely investigated in many literatures (see
eg. [5], [6] for weakly coupled large-scale systems).
In the deterministic case, a guaranteed cost problem for
the state feedback strategies of nonzero-sum differential
games involving multiple players was investigated [13].
The Nash strategy was applied to systems using active
magnetic bearings: it has successfully reduced the error
dynamics induced by linearization [14]. However, robust
Nash equilibrium in deterministic uncertain systems has
not been investigated thus far. In contrast, robust equilibria
in indefinite linear quadratic differential games under a
deterministic disturbance input affecting the systems have
been discussed [1]. The results in [1] are very elegant
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in theory and it is easy to obtain a strategy pair by
solving the cross-coupled sign-indefinite algebraic Riccati
equations (CSARES). In [2], the numerical algorithm
that is based on the calculation of the eigenstructure
for solving the soft-constrained Nash equilibria has been
developed. However, the scalar case has only been con-
sidered. In addition, the convergence rate is unclear. On
the other hand, the Newton-type algorithm for solving
the CSAREs has been established [7], [8]. Although the
Newton's method guarantees the fast convergence, this
existing algorithm has to utilize two fixed-point iterations
to attain the reduced-order computations. Therefore, the
large amount of computation and CPU time are needed.
Moreover, the degradation of the cost performance under
the use of the strategies that is based on the iterative
solution has not been investigated in [7].

This paper investigates the soft-constrained Nash games
for the weakly coupled large-scale systems that attains the
high-order approximation by using the iterative solutions.
The main contribution is to propose a new high-order
approximation strategy that is based on the solution of the
CSAREs via the Newton’s method with the appropriate
initial guess. As a result, athough the CSAREs has the
sign-indefinite quadratic form as compared with the exist-
ing results [5], [6], the convergence solutions satisfy the
required properties such as the stability and the positive-
definiteness. Thus, it is proved that the proposed strategy
that is based on the iterative solutions with afew iterations
achieves a high-order approximation of better equilibrium.
As another important contribution, the recursive algorithm
for solving the CSAREs is given. It is shown that the
proposed agorithm converges to the exact solution with
linear rate. In addition, since only low-order systems
are involved in algebraic computations, the amount of
computations required does not increase per iterations as
compared with the Newton's method [7], [8]. As aresult,
the reduction of the CPU time is guaranteed. Finally, in
order to demonstrate the efficiency of the proposed design
methodology, a numerical example is included.
Notation: The notations used in this paper are fairly
standard. The superscript 7' denotes the matrix transpose.
I,, denotes the n x n identity matrix. block diag denotes
the block diagona matrix. | - | denotes its Euclidean
norm for a matrix. @ denotes the Kronecker product. ;;
denotes the Kronecker delta. vecM denotes the column
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vector of the matrix A/. The space of R*-valued functions
that are quadratically integrable on (0, ~o) is denoted by
LE(0, o0).

Il. PROBLEM FORMULATION

Consider the weakly coupled large-scale linear systems
with N-players

%;(t) = Ay (t) + Biu,

N
() +e > Aija;(t)

J=1, j#i
N
+e Z BZJUJ JrE“w, )+6 Z Emwj(t)
J=1, j#i J=1, j#i
z;(0) =22, i=1, .. ,N, (1)

where z; € R™ ¢ = 1, ... ,N represent i-th state
vectors. u; € R™i, ¢ = 1, , N represent i-th
control inputs. w; € R, i = 1, ... ,N represent i-
th disturbance vectors. ¢ denotes a small positive weak
coupling parameter which connect the other subsystems.

Let us introduce the partitioned matrices

A11 €A12 5A1N
EAgl AQQ 5A2N
Ae = . . 5
eAn1 €Apo ANN
51_6”31@
61—521’321. . .
Bi. = . 3 5ij :{ O(Z7£]) ;
: 1(i=7j)
51_6]\”3}\/’1‘
E11 5E12 €E1N
eEa1  Ea2 ekoN
E. = . .
eEn1 €Eno Enn

By using above relations, the system (1) can be changed

)+ Eew(t), @)

z(t) )+ Z Biou(t

w(t) = [ wi(t)T -

The cost performance for each strategy subset is defined
by

Ji(u1, ... ,un, w, z(0))
_ /0 [+ () Quear(t) +uT (6) R 1)
N
MZ (t)Riju,(t) — T(t)wa(t) dt,(3)
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where
el701Qu  eQirn eQin
5Q112 51_6”@1‘2 o eQpenN
Qis = .
<€Qﬂz\/ ngQN el T0NQ N
e RHXTL’

Rii=RL >0eR™> ™ R;j=RL>0eR™*™,
‘/iy, = blOCk diag (Mi(liﬁbl)vll C W (1 6LN)‘/’LN)
>0e Rk 4 j=1, .. ,N.

The state weight matrices @Q;. is symmetric and assumed
to be sign-indefinite [2]. Furthermore, it should be noted
that 1 denotes a small positive parameter which is the
same order for the parameter . That is, the following
assumption is made.

Assumption 1: The ratio of the small positive parame-
ters ¢ and . is bounded by some positive constants .

0<ki="E <. 4

Although it seems that this€ assumption is conservative,
it will not affect the main contribution from the practical
points of view.

A. Soft Constrained Nash Equilibrium Strategy

For the matrices A., B;., 1 = 1, , N,theset Fy
is defined by
N
Fy = {(Fle, o Fno) | Ac+> BjeFje is stable.}.
j=1

The soft constrained Nash equilibrium strategy pair
(Ff., ... ,F%.) is defined as satisfying the following
conditions [2].

< T, .

suy, 2(0))
) u}k\/'v I(O)), =1

where u; := uz(t) = Fiew(t),

N, (9

s Ujy ...

tfi(Fle-ra
= sup

wGLE (0, o0)

Ji(Fie,

) FNng, JI(O))
Ji(Flexa , Fnew, w, I(O))v

7FN6x7 w, x(O))

- [T 0@t FiR Fetn> FLRE ()

Jj=1, j#i

—wT(t)wa(t)} dt,
for dl z(0) and for dl (Fie, ...
(Ff., ...,

, Fne) that satisfy

Fi*flm Fi&ﬂ F]tfa)eFN'

*
i+ler v

It should be noted that the following assumption guaran-
tees the existence of the admissible strategy.

Assumption 2: Each player uses the linear feedback
strategy wi(t) = Kex(t), ¢ = 1, ... ,N such that
the closed-loop system is asymptotically stable for suf-
ficiently small parameters ¢ and .



Thisassumption isimposed on each player restrictively.
In other words, it is assumed that each player on the
subsystem take a stable strategy. If such conditions are
not met, the overall systems would be not asymptotically
stable.

B. CSAREs

Using the fact studied by [2], the soft constrained
feedback Nash equilibrium is given below.

Lemma 1: [2] Assume that there exist N real sym-
metric matrices P;. and W,., such that

Gi(Plsa 7PN5)
T
N N
=P | A _Z Sjste + | A _Z Sjers P

j=1 j=1

+Pi£Si5Pi6

N
+u Z PjsSijEPje + F’isMiy,Pis + Qie =0, (6)
J=1, j#i

where S;. := Bi.R;;' BL, Sijc := BjcR;;'Ri;R; ' BY.,
M, =E.V;'ET.
N

m

A: = SjePjc + My, Py is stable for i = 1, ..., N,

j=1

N
Ac =) 8Py is stable,
j=1
T
N N
Wie Aa _Z Sjapje + Aa _Z Sjapje Wia
j=1, j#i J=1, j#i
N
_WiESiEWiE +p Z PjESijEPjE + Qie > 0. (7)
J=1, j#i
Define the N-tuple (FY, ... , Fy.) by
ul(t) :== Fia(t) = —R;;'BLP.x(t), i=1, ... ,N(8)

Then, (Ff., .. ,F%.) € Fy and this N-tuple
is a soft constrained Nash equilibrium. Furthermore,
Ji(Fix, ..., Fi_z, (0)) = 2(0)T Pi.z(0).

It should be noted thet if Q;c > 0 and S;;. > 0 for
al i =1, ... ,N, the matrix inequdity (7) is trivialy
satisfied with W;. = 0 [2]. Then, only the CSARES (6)
should be solved.

In the following analysis, the basic assumption is
needed.

Assumption 3: [2] Thetriples (A, Bii, vVQii), i =
1, ..., N are stabilizable and detectable.

I1l. ASYMPTOTIC STRUCTURE OF CSARES

Firstly, in order to obtain the strategy that is based
on the numerical solutions, the asymptotic structure of
the CSAREs (6) is established. Since A, S;., S;j and
M;,, include the term of the small parameters ¢ and 1,
the solution P;. of the CSAREs (6), if it exists, must
contain these parameters. Moreover, it should be noted
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that two parameters € and p are the same magnitude such
that Assumption 1 holds. Taking these facts into account,
the solution P,. of the CSAREs (6) with the following
structure is considered [4-6].

P;
1-6;
el=% Py ePya ePin
T 1-6;
SP“Q e QP»L'Q EP»L‘QN Rﬁxﬁ
= . . _ ) € :
T T . ~l=0;N p.
ePiy ePyn e ONPN

Substituting the matrices A., Sic, Sije, Miu, Qe and
P;. into the CSAREs (6), letting ¢ = 0 and 1 = 0, and
partitioning the CSAREsS (6), the following reduced-order
algebraic Riccati equations (ARES) are obtained, where
Py, i =1, ..., N bethe 0-order solutions of the CSARES
(6) ase =p=0.

PyiAii + Al Py — Pii(Sii — M) Py + Qi = 0, (9)

In order to guarantee the existence of a positive
semidefinite stabilizing solution of the ARE (9), the
following condition is assumed.

Assumption 4: The ARE (9) has a positive semidefinite
stabilizing solution such that A;; — Sy; P;; is stable.

The asymptotic expansion of the CSAREs (6) at ¢ =
1 = 0 is described by the following lemma [7], [8].

Lemma 2: Under Assumptions 1-4, there exist the
small constants o* and p* such that for dl € € (0, o*)
and i € (0, p*), the CSARES (6) admits aunique positive
semidefinite solution P that can be written as

P, :=P: =P, +0(e)

= block diag ( 0 --- P;; --- 0 )+0(e). (10)

1V. NEWTON’S METHOD FOR SOLVING CSARES

In order to obtain the solution of CSAREs (6), the
following useful algorithm is given.

N
Pz‘(skH) A — Z Sjepjf) + MiuPz'ek)
j=1

T

N
+ 1 A - Z Sjapj(ef) + Miupi(ek) Pi(ak+1)
=1

N N
_ Z PJ(5+1)SjEPi(Ek) _ Z Pz‘(gk)SjEPj(:Jrl)
J=1, j#i j=1, j#i
N N
k+1 k k kil
3 RIS ST PSP
J=1, j#i j=1, j#i
N N
k k k k
+ > PPs.PY+ Y pYs PP
Jj=1, j#i j=1, j#i
N
k k k k
+Pi(a )SiEPi(a ) M Z P]'(E)Si_japj(a)
Jj=1, j#i
_Pi(sk)MilLPi(sk) +Qi=0, k=0,1, ..., (11
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where
51—6,;1 P1(1k) Ef)i(lg) EP}{?}
pk) . EPi(1kz)T 61_51’2Pi(2k) . {_:PZ_(QICKT
ePRT PP L g p)
with the initial conditions
Pi(EO) = P, =block diag ( 0 --- P; --- 0).(12)

The following lemma indicates that the proposed algo-
rithm (11) which is based on the Newton’'s method attains
the quadratic convergence [7], [8].

Lemma 3: Under Assumptions 1-4, there exist the
small constants  and p such that for al ¢ € (0, 7), 7 <
o* and € (0, p), p < p*, the iterative algorithm (11)
converges to the exact solution of P with the rate of the
quadratic convergence, where Pi(f) is positive semidef-

N
inite matrix and A. — Z Sjst(f) + M;, P is stable.

j=1
Moreover, the converge%ce solutions attain a local unique
solution Pt of the CSAREs (6) in the neighborhood of
the initial condition P”) = P,. That is, the following
condition is satisfied.

IPY — prl=0("), k=0, 1, ... (13
The following theorem will play an important role in
establishing error estimate.

Newton-Kantorovich theorem [9] : Let X and Y be

Banach spaces, D be an open convex subset of X. Let

F: D C X — Y be Fréche differentiable. Assume that,

at some xo € D, F'(Xq) is invertible and that

@ [F'(x0) " (F'(x) — F'(y)| < K|x Y], x, y € D.

(b) |F'(x0) ' F(Xo)| <m h=Kn<1/2.

(€ S0, t*) :={x: X=X <t} C D, t* =
2n/(1 + /1 — 2h).

Then:

(i) The Newton iterations X1 = X — F'(Xx) "1 F(Xx)
are well-defined, lie in S(xo, t*) and converge to a
solution x* of F'(x) = 0.

(ii) The solution x* is unique in S(xg, t**) = { x :
[X = X0 < t**}N D, t** = (1 4+ 1—-2h)/K if
2h < 1,and in S(xg, t**) :={X: |x—Xo| <t**}
if 2h = 1.

(iii) Error estimates

t* k=20
*_xl <
=3l < { gy, ot

are valid.
Now, let us prove Lemma 3.
Proof: Itisimmediately obtained from the CSARES
(6) that there exists a positive scalar 4 such that for any
P and P},

||VG(P1ae’ 7P](\1/a) - VG(Plbs7 »P]lifs)u
< Al(veePi]”, ..., [vecPy.]")
_([Vecplbs]Ta e [VeCPJl(fs]T)H' (14)
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Moreover, it is easy to verify that

Jitle=o -+ Jinle=o0 Dy--- 0
J= : : =1 - (15)
Inile=o - Inw]e=o 0 ---Dy
where
3. ovecG;
Y OvecP )T’

DA = block dlag ( D11 R

Dji = Aii — (Sis — Mii) Py

Dyn ),

Thus, since J is nonsingular under Assumption
4, for small ¢ and g, VG(Pl(S), ,P](\?s)) =
VG(Py, ..., Py) =J+0(¢) isaso nonsingular. There-
fore, thereexists 3 such that 3 = |[VG(Py, ..., Px)] 7.
On the other hand, since |G(P;, ... ,Py)| = O(e),
there exists 7 such that i = |[VG(Py, ... ,Pn)]7Y -
IG(P1, ..., Px)| = O(e). Thus, there exists h such that
h = By < 271 because 7 = O(¢). Finaly, the Newton-
Kantorovich theorem results in the desired results (13).
On the other hand, since the property of the stability can
be proved by using the similar technique [6], it is omitted.

Second, the local uniqueness of the solution is dis-

' 1 =
cussed. Now, let us define R*ETB[1+ 1 —2h).

g
Clearly, S ={ P, : ||P1-€—Pi(80)|| < R* } isinthe convex
set D. In the sequel, since | P;c — PZ-(EO) | = O(¢) holds for
asmall ¢, the local uniqueness of P is guaranteed in the
neighbourhood of ¢ = 1 = 0 for a subset .S by applying
the Newton-Kantorovich theorem. [ ]

In order to solve the large-scale Lyapunov equations
(112), it should be noted that a fixed-point algorithm and
the reduced-order algorithm can be applied (see e.g., [5],
[6]).

It is noteworthy that since the proposed design method
is based on the Newton’s method, the quadratic conver-
gence rate is attained. As a result, the convergence speed
is very fast for this algorithm.

V. HIGH-ORDER SOFT CONSTRAINED NASH
STRATEGY

The required solution of the CSARE (6) exists under
Assumptions 1-4. Moreover, it is very important to note
that the iterative solutions Pi(f ) by means of the Newton's
method (11) satisfy the positive semidefiniteness, the local
uniqueness in the neighbourhood of ¢ = 4 = 0 and the
admissibility. That is, these convergence solutions will
satisfy the soft-constrained Nash equilibrium properties
(5) for sufficiently small parameters  and .

The attention is focused on the design of the high-order
Nash equilibrium strategy for the sign-indefinite linear
guadratic games. Such strategy is obtained by using the
iterative solution (11).

(1) =

K2

—R'BIPMa(t), i=1, .. ,N. (16)

€7 1€



The degradation of the cost performance viathe new high-
order soft constrained Nash equilibrium strategy (16) is
given as follows.

Theorem 1: Under Assumptions 1-4, the use of the
high-order soft constrained Nash equilibrium strategy (16)
results in (17)

T, P, 2(0))
= Ji(ul, o, uwly, z(0)+0@E2 Y, 17)

i=1, ... ,N.
Proof: When u(k)*( t) = F®"x(t) is used, the value
of the cost performance is given by

TSl 2(0) = 2T(0)Yiex(0),  (18)

where Y;. is a positive semidefinite solution of the fol-
lowing ARE

T
N
Yie (AE —Zsjgpj(f)) + (A Zs P(k)) Yie
J=1

+Yie My, Yie + Z PP, P
j=1, j#i

+Pi(sk)Si8Pi(sk) + Qie = 0. (19)

Subtracting the CSARE (6) from the ARE (19), Z,. =
Y. — P;. satisfies the following ARE

Zzsle(k) + A(k)TZis + ZisMi;LZis

+ Z P..S. (P - PY)
J=1, j#i
N
+ Y ( —P(’”)SEPZ-E

Jj=1, j#i

N
Z (PFS;;- P — P;.Sie Pje)
Jj=1, j#i
+ (Pia - P(k)) Sia (Pw

1€

- Pi(ak)> =0,

SiePY + M, PY +

(20)

where A% .— 4. — Z;V:l
Miu(Pie - Pi(ek))'

Teking (13) into account as P, = Py, it is easy to
verify that

H(Zi.) = Zi- (Da + O(e)) + (D4 + O(e))" Zic

+Zie My Zie + o =o. (21)

Since the function H(Z,.) is continuous a any Z;.,
taking the partia derivative of the function H(Z;.) with
respect to Z;. yields
VH(Z;.) =I5 ® (Da +O(e)+ M, Zic)"
+(Da +0(e)+ My Zie)' @ I, (22)

Thus, by using Assumption 4, there exists asmall constant
& such that for al ¢ € (0, 5),

VH(0)=I;, (D A+0(e))T +(D 4+0(e))T @1 (23)
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is nonsingular. Then, for any matrices X. and Y. that
belong to Z,., it is immediately obtained from equation
(22) that

IVH(X.) - VH(Y.)| <4|X: - Y.|, (24)
where 4 := 2| M,,,[.
Moreover, there exists 7 such that
I[VH(0) ' H(0)] <O ) =7 (25

because of H(0) = O(e2"*!). Using the Newton-
Kantorovich theorem, the estimate is given by

|Zic — 01 = | Zic| <27 = O Y. (26)
Hence
2(0)" Ziex(0) = 2(0)TY;e2(0) — 27 (0) Picz(0)
= T, ul, 2(0))
—Ji(uy, ..., uy, z(0)) = O(erH) (27)
results in (17). [ |

It should be noted that the present proof is quite
different from the existing one [8] because it is based
on Newton-Kantorovich theorem. As a result, it seems to
be a novel contribution because the obtained results can
be proved directly without using the transformation.

Using the similar technique of the proof of Theorem 1,
the following conditions are satisfied.

Theorem 2: Under Assumptions 1-4, the following re-
sult holds.

T k)* k)*
Wi, W 2(0))

= Ji(ui, s iy s Ui, 2(0) + O, (28)
i=1, ..,N.
Proof: Since this proof can be done by using the

similar technique used in Theorem 1, it is omitted. ®
Finally, the main result is easily derived.
Theorem 3: Under Assumptions 1-4, the use of the
high-order soft constrained Nash strategies (16) results
in

T, W) 2(0))
<T@ g, o, ul 2(0)+0(2" ), (29)

i=1, ... ,N.

Proof: Let us introduce the following equality.
Ji(u (’C)*7 o (k)*)
N C S Y (1
Ji(uy (k)* , ug\];)*) — Ji(ul, .., uy)
—&-_Z(uT, ey UN)
—Ji(ul, o, ul g, ug, U 1, ey UN)
F (Ul s UGy Uiy Uy, e, UN)
—ji(ugk)*7 . ufk)l, Uuj, ul(.i)l*, e ug\]f)*).(30)

Using (5), (17) and (28), the proof of (29) can be
completed. The other case is similar. ]
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VI. RECURSIVE ALGORITHM
A. Computational Algorithm

In order to reduce amount of computation and CPU
time, a new agorithm for solving CSAREs (6) that
is based on the recursive agorithm is established. In
particular, the following special case of N = 2 is
considered because it is easy to extend it to the general
case. Furthermore, without loss of generality, in order to
simplify the algebra, it is assumed that = 0. On the
other hand, it may be noted that we are studying a more
general case than the one studied in [10]. That is, it is
worth pointing out that since M;, exists, ARE (9) has
indefinite sign.

In order to simplify the notation, let us define the
following matrix.

Ui1 + O(e?) eUs1z
eUZ, Uiz + O(e?)
The solutions of CSAREs (6) can be expressed as follows.
Pii = Pii + eEii, Pij = Pij+eEij, i # J,
Pi12 = Piys + B, (32)
wherei, j =1, 2 and Uy := S;; — My,
Py Aji+ AL Pii — PyiUii P+ Qui = 0,
PijDj;+Dj;Pij +Qij =0, i # j,
P113D2y+ DY, Prio+Pi1 A1a— PriUz2 Pao+ Q112 = 0,
Py19Doy+ DT, Py1g+ AL Pyy— P11 U112 Pog+ Q212 = 0.

Si — MZ‘# = (31)

Py, P;; and P;» are the first order approximations
of P;. corresponding to . It should be noted that the
O(e?) approximation of the original CSARESs (6) has
been considered in [10]. It means that another recursive
agorithm for obtaining solutions P;;(e) and Pji2(e) as
O(£?) has to be needed. On the other hand, since the O(¢)
approximation is treated in this paper, these solutions can
be obtained independently for small . That is, by using
the function ARE of MATLAB, these solutions can be
computed with high-order precision without any other
algorithm.

Substituting the solutions of (32) into CSAREs (6) and
after some tedious algebra, the following expressions for
the error equations (33) are obtained.

EiDyi+DLE;+h;=0,i=1, 2, (333)
Ei;Dj; + D]TjEij — EjjUjjpij — pijUijjj

=0, P4, =3, 4, (33b)
E212D2s + DY Eo1s

+(Agy — UL, Py — U PL )T Eag

—E11(Un12Pa2 + Un1 Pai2) + hs =0, (33c)
E112D2s + DT Eq12

+E11(Ar2 — Ur1 Priz — Uz12Pao)

—(Ud15P11 + Usa Pl )T Ego + hg =0, (33d)

where by := hy(e, €E11, ... ,eFa), =1, ... ,6.
Hence, the following recursive algorithm for solving
CSAREs (6) is given at the top of the next page.
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The main result of this section is given below.
Theorem 4: Under Assumptions 1-4, the recursive al-
gorithm (34) converges to the exact solutions F;; and
Ei10, 1, j =1, 2 of equation (33) with the rate of the
linear convergence. That is, the following conditions are
satisfied.
|Ei; — ES'| = O("), |Bus — ER3] = O(e"),
n=1,2, ..,4 j=1, 2. (35)
Proof: The proof of (35) uses mathematical induc-
tion. When n = 0 for the eq>uations (34), the first order
approximations EZ(;) and EfllQ corresponding to the small

parameter ¢ satisfy the equations (33). It follows from
these equations that

|E:; — B = O(e),
|Eina — ES| = O), i, j=1,2.  (36)

When n = m, m > 1, it is assumed that | E;; — B | =
O(c™) and |En2 — ESY| = O(e™). Subtracting (33)
from (34) and using the assumptions |E;; — Efjm) | =
O(e™) and | Eiyz — EUY| = O(e™), since Dy; i = 1, 2
are stable, using Assumption 2 the following results hold.

|By— B [ =0(em ),
|Eaa—ESTY | = 0™ ). (37)

Consequently, equation (35) holds for al n € N. This
completes the proof of Theorem 4 concerned with the
recursive algorithm. [ |

The required iterative count associated with the New-
ton’s method with other two fixed point algorithms [7],
[8] and the proposed recursive agorithm is compared.
It is assumed that the required operation count is O(n)
by using the recursive algorithm for rough estimate. In
this case, it should be noted that the required operation
count of these fixed point agorithms are aso O(n),
respectively. Then, the required operation count of the
Newton's method with other two fixed point algorithmsis
O(n?1log, n). Therefore, the proposed recursive algorithm
drastically succeeds in reducing the operating count. As
a result, the CPU time can be reduced.

B. Performance Degradation

In addition, it will be presented an important impli-
cation. If the recursive solutions are considered instead
of the Newton's iterative solutions, then the following
corollaries are easily seen in view of Theorems 1-3.

Let us consider the following strategy set that is ob-
tained by using the iterative solution (34).
~R;'BIPMa(t), i=1, ... ,N, (38)

ie” ie

() =

where u? () = u™* (t) + O(e).

The degradation of the cost performance via the new
high-order soft constrained Nash equilibrium strategy (38)
is given as follows.
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EGY Dy + DL BTV

= —e(P{{J Ao + AL P{)T) + e(P Unia PY)T + PJUSL PV + P U PRST + P U PYT)
+e2 (PP U P + P U2 PR + PUJURL P + PP U PYT) + B U BYY
+e(PULPY + P, POYT) + &3 PO UL PIYT,
ESy ™Y Doy + DI, ESHY

= —e(Py" Ay + ALPE)) + e(PT U P + P UG P + P Una P + P UL, PY)
+e2(Py UL, Pis + PS5  Unna Py + P Uroa P + P Uraa PY)) + e BS) Uny S
+e(P3 USL P + Pis U PiyY) + e Py T Unny PR,
E{y ™ Dy + DLEGTY

= BV Ups Pry + ProUnsEsy ™ + 6B Unn ESy) + ESy U EY))

n)T n n)T n n n n)T n n)T n
_(P1(12) Agp + A1T2P1(12)) + P1(12) U212P2(2) + P2(2)U2T12P1(12) + 52(P1(12) U211P2(12) + P2(12) U211P1(12))

+e(PGUSL P + PSR UnaPy)) + PY Ui P + 2P Uiy Py
+e(PUR P + Py Uiz Py)),
ESY Dy + DY ESY

= BUNL Py + PuUn BT + e(BS U0 ELY + B UL ESY)

n n)T n n n n)T n n)T n n)T
—(Pyy Az + AL P ) + PaULL P + P UM Py + 2 (PUia P + Py Urea Paly )

+e(P U1 PYT + PIUT, PSY) + PS Uz PRST + €2 P Uany Py
+e(PIUL P + Py UsiaPyry "),
ES\Y Dy + DL ESY
= —(Ay — UL, Py — U22p2212)TE§;+1) + E§?+1)(U112P22 + Ur1 Pa12)
+e(B{Y U2 BSY + BV UNESG) + ES U ESY) — PiY An
+e(PP Ui Py + PSRUT,PRY + PRAUTL P + PJUms PY)
+e2 P Ura Py + PYUW P + e PSS UR PR3 + Piy Unia Py + €2 PSP Unii Py,
B3 Dyy + DI BV
= *EYlLH)(Alz —Uy1 Prig — Usia Pag) + (U9 Pry + U22P1T12)TE§;L+1)
(B Unz BSy + B} Un By + BV UL B — AT, P
+e(P Ua1a Py + PP Ui P33 + PUS, PSS + Piia U, Py3)
+e2 P U1y P3 + P Un P + e PR3UT,PS + P Una Py + &2 PR Uraa Py,
where n=0, 1, 2, ..., PV = P +cE", Py = Pua +cEly, EY =0, By = 0,4, j=1, 2.

ij 7

(349)

(34b)

(340)

(34d)

(34¢)

(349)

Corollary 1: Under Assumptions 1-4, the use of the  high-order soft constrained Nash strategies (38) resultsin

high-order soft constrained Nash equilibrium strategy (38)

results in (39) T, o, ul, 2(0))
sz(ugn)*a ey Ujy ey ug\?)*7 I(O))+O(€n+2)a (41)
_i(ugn)*, . ug\r,l)*, z(0)) i=1, ...,N.
— Ji(ut, ., uly, 2(0)) + O("?), (39) Proof: Since theT rgsults of Qorolllaries 1-3 can be
1 N proved by using the similar technique in Theorems 1-3,
E= D e iV the proof is omitted. [
Corollary 2: Under Assumptions 1-4, the following
result holds.
VIlI. NUMERICAL EXAMPLE
7 el 200 e e on ok o
N . * n+2 ’ '
o ‘.]’(ul’ e Uiy ey Uy, 2(0) + O, (40) matrices are given at the top of the next page. It may be
i=1, .., N noted that the considered large-scale systems are given as

Corollary 3: Under Assumptions 1-4, the use of the  a modification of the power systems [3].

© 2008 ACADEMY PUBLISHER
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0 1 —0.266

—0.009

0.0024 0 —0.087
—2.75 —2.78 —1.36 —0.037 —0.185 0 1.11
An = 0 0 0 1 » €A1z = 0 0 0
—495 0 —555 —0.039 0222 0 8.17
0.073 0 —0.25 0.003 0.021 0 0.121 0.003
—0.46 0 2.8 —0.02 —1.1 0 —1.62 —0.015
edis = 0 0 0 0 , €Az = 0 0 0 0
0924 0 17.5 0.02 —2.43 0 1.37 —0.034
—021 1 —1.6 —0.005 7 r0.06 0 0.46 0.002
Ao | “L9 -18 93 —012 —1 0 149 —0.04
2= 0 0 0 1 0 0 O 0
-31 0 —56 0.032 | | 0.12 0 29.8 —0.028
—0.002 0 0.83 0 r 0011 0 022 0
A — | 678 0 —101 0.09 —21 0 1.7 —0.123
eAa = 0 0 0 0 0 0 0 0 ’
~124 0 0.498 —0.017 | | —0.07 0 6.38 —0.011
-0.197 1 -1.2 —0.003 0 0 0
—545 —20 70.1 —2.37 36.1 78.9 1000 o
Ass = 0 0 0 1 y B = 0 5 By = 0 s B33 = 0 ) Bij :07 Z7é-77
—34 0 —21.0 —0.017 0 0 0
0100 0O 0 00 O 0 00 O
0 00 O 01 00 0 0 00 O o
En=19 0001 P20 00 01| P=*=|0100 01| Fi=01#7
0 00 01 0 00 0.1 0 00 0.1

Vii=diag( 1 2 2 1), Vi =blockdiag ( Vii p 'Iu p 'Is ),
V2 = block diag( pw iy Vi opt ), V3 = block diag( p ity pt Vi ),

@1 = block diag( 0.514 Osgxs ) , Q2 = block diag( Ouaxa 0514 Ouxa ) , @3 = block diag( Osgxs 0.514 ) ,
R11 = RQQ = R33 = ].7 Rlz = R13 = 0.2, R23 = R21 = 0.37 R31 = R32 =0.1.

F&* = [ —1.6070 —9.6942¢ —01 —7.2616 —2.0448¢ — 02 —1.0183¢ — 03 —8.1937¢ — 06
—3.6317¢ — 03 9.9899¢ — 03 2.5572¢ — 03 2.5593¢ — 06 3.5754e — 02 1.5000¢ — 03 ],

F{3" = [ ~1.4029¢ — 03 —3.3082¢ — 05 2.9290¢ — 02 1.4973¢ — 03 —1.2967 —9.9375¢ — 01
~7.9714 9.9917¢ — 02 3.5550e — 03 3.5495¢ — 06 6.6756e — 02 9.0373¢ — 04 |,

F" = [ —2.2157¢ — 03 —5.8545¢ — 05 —9.9676¢ — 06 2.431le — 04 —1.1642¢ — 03 —1.4511e — 05
—5.4604¢ — 03 8.6321e — 04 1.5201 —9.8172 — 01 —3.5409 3.0341e — 01 ].

The small parameters are chosen as e = 0.01 and p =
0.005.

It is easy to verify that algorithm (11) converges
to the exact solution with an accuracy of |G| <
1.0e — 11 after three iterations, where |G|

3 k k k
Zi:l ”Gl( P1(5)7 P2(5)7 P?Ea))”

Table 1. Errors per iterations.

K [G™]

0 1.1923e — 01
1 6.9726e — 04
2 3.1597¢ — 08
3 3.1552e — 11

In order to verify the exactitude of the solution,
the remainder per iteration is substituted by Pi(f) into
CSAREs (6). In Table 1, the results of the error |G*)|
per iteration are given. As a result, it can be seen that
algorithm (11) yields quadratic convergence.

Using the proposed design procedure, the high-order
approximate soft-constrained Nash strategies (16) are

© 2008 ACADEMY PUBLISHER

given by
W) = F3"a(t), (42)
where
Fiq 0 0
FO* = o |, F¥* = | Fy |, FP"=1| 0
0 0 I3

and Fy;,i =1, 2, 3 are given at the top of the next page.
The costs using the high-order strategy (16) are com-
puted. The initia conditions are chosen as z(0) =

[101110111011]". The cost functional-to-
perturbation £2"+1 ratio are given in Table 2, where

b = |jmpp — jiOpt|
=

€2k+1 I (43)
= = (k)* E)x
iapp ‘= Ji(ug ) e ug\,) , 2(0)) = 2(0)TY;.2(0),
iopt - = Ji(uiﬁ . UN, z(0)) = TT(O Piex(0)



Table 2. Degradations of cost.

k $1 P2 P3
0 5.8309 1.2554 1.1939
1 | 4.8204e — 01 1.7049 4.0481
2 1 9.0753e + 03 | 2.7508e + 04 | 3.9519¢e + 04
3 | 9.0753e + 11 | 2.7508e + 12 | 3.9519¢ + 12
It is easy to verify that J;(ul™", ... u§5>*, x(0)) —
Ji(ul, ..., uly, x(0)) = O(e2 1) because of ¢; < oo.

It should be noted that the result of threeiteration in Table
2 is not reliable because this result has the major error
dueto O(g”) ~ 10718,

VIIl. CONCLUSION

In this paper, a higher-order approximate soft con-
strained Nash strategy for weakly coupled large-scale
systems has been proposed. Comparing with the existing
result [5-8], there exist three useful and reliable con-
tributions. First, the considered CSAREs have the sign-
indefinite quadratic term. Thus, it succeeds in expanding
the results for the general case. Second, in order to reduce
the amount of the algebraic computation, the recursive
algorithm was considered. This algorithm would result in
reducing the CPU time. Third, by using these iterative so-
[utions by means of the proposed two algorithm, the high-
order approximate strategies have been proposed. As a
result, it has been shown that the proposed strategy results
in better performance. Finally, the numerical example has
shown the excellent results.
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