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Abstract— This paper deals with the problem of blind
carrier-frequency offset (CFO) estimation in OFDM sys-
tems based on offset quadrature amplitude modulation
(OFDM/OQAM) with null subcarriers. Specifically, by as-
suming that the number of subcarriers is sufficiently large,
the received signal is modeled as a complex Gaussian
random vector (CGRV). Since the OFDM/OQAM signal
results to be a noncircular (NC) process, by exploiting the
generalized probability density function for NC-CGRVs, the
unconditional maximum likelihood (ML) algorithm for CFO
estimation in non dispersive channel is proposed. Moreover,
a modified version of the unconditional ML CFO estimator
is considered. The performance of the derived algorithms,
assessed via computer simulation, is compared with that
of recently proposed estimators exploiting the second-order
cyclostationarity and with the Gaussian Craḿer-Rao bound.

Index Terms— Blind estimation, carrier-frequency offset,
null subcarries, OFDM/OQAM systems.

I. I NTRODUCTION

Orthogonal frequency-division multiplexing (OFDM)
modulation is well known for its robustness to multi-
path channels. This is mainly due to the insertion of a
guard interval (or cyclic prefix) that efficiently combat the
intersymbol interference and the intercarrier interference
in dispersive channels. However, the insertion of a guard
interval is pure redundancy, and then it decreases the
spectral efficiency. Therefore, it is interesting to study al-
ternative OFDM modulation schemes, which can provide
the same robustness without requiring a guard interval,
offering a better spectral efficiency. For this purpose,
recently, a new efficient OFDM scheme based on offset
quadrature amplitude modulation (OFDM/OQAM) has
been developed (see [1]- [5] and references therein).
Moreover, OFDM/OQAM systems with null (or virtual)
subcarriers have also been investigated by the IEEE
802.22 working group [6].

However, like all the other multicarrier modulation
schemes, OFDM/OQAM systems are in general more
sensitive to frequency synchronization errors than single-
carrier systems, [7] and [8]. In particular, a carrier-
frequency offset (CFO) induces an amplitude reduction
of the transmitted signal and provokes intersymbol and
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intercarrier interference [9]. Therefore, accurate CFO syn-
chronization schemes must be designed for these systems.

In [10] a blind CFO estimation algorithm has been
derived by exploiting the conjugate second-order cyclo-
stationarity of the received OFDM signal in the case of
noncircular transmissions. In [5] this method, designed for
standard OFDM systems, has been extended and analyzed
in the context of OFDM/OQAM transmissions. However,
the derived estimator assures a satisfactory performance
only when a large number of OFDM symbols is con-
sidered. The second-order conjugate cyclostationarity has
been also exploited in [11] while in [12] a blind joint CFO
and symbol timing estimator based on the unconjugate
cyclostationarity property of the OFDM/OQAM signal
has been derived.

This paper, by considering the study addressed in
[13], proposes blind CFO estimation algorithms for
OFDM/OQAM systems with virtual subcarriers. Specif-
ically, by assuming that the number of subcarriers is
sufficiently large, the received signal is modeled as a
complex Gaussian random vector (CGRV). Moreover,
it is shown that the OFDM/OQAM signal results to
be a noncircular (NC) (or improper [14]) process (i.e.,
its conjugate correlation function is different from zero
[5]). Therefore, by exploiting the generalized probability
density function (pdf) for NC-CGRVs reported in [15]
and under the hypothesis of a non dispersive channel, the
unconditional maximum likelihood (ML) algorithm for
CFO estimation is derived. Moreover, a modified version
of the unconditional ML CFO estimator is considered.
The performance of the derived algorithms, assessed via
computer simulation, is compared with that of the estima-
tors proposed in [12] and in [5], exploiting the second-
order cyclostationarity, and with the Gaussian Cramér-
Rao bound.

The organization of this paper is as follows. In Section
II we describe the considered system model. Section
III deals with the ML CFO estimation algorithm. The
GCRB is derived in Section IV and numerical results are
presented and discussed in Section V. Finally, conclusions
are drawn in Section VI.

Notation: j
4
=

√
−1, superscript(·)∗ denotes the

complex conjugation,<[·] real part,=[·] imaginary part,
| · | absolute value andarg[·] the argument of a complex
number in [0, 2π). Moreover, (·)T indicates transpose,
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(·)H Hermitian,(·)−1 the inverse of a matrix,In (On) is
the n × n identity (null) matrix,1n is an n-dimensional
column vector of all ones and[A](m,l) is the (m, l)th
entry of the matrixA. In addition,diag{·} is a diagonal
matrix,Tr{·} the trace operator,det{·} the determinant of
a matrix whileE[·] stands for the statistical expectation
and δ(k) is the Kronecker delta. Finally, lower (upper)
case boldface symbols denote column vectors (matrices).

II. SIGNAL MODEL

Let us consider the OFDM/OQAM system withN
subcarriers, of whichNv subcarriers remain unmodulated
and carry no information whileNu = N − Nv are
modulated by data subcarriers. The discrete-time received
signal in AWGN channel and in the presence of a CFO
ν and a carrier phase offsetφ can be written as

r(k) = s(k)ej[2πνk+φ] + n(k) (1)

wheres(k) is the transmitted OFDM/OQAM signal and
n(k) denotes the zero-mean circular complex white Gaus-
sian noise statistically independent ofs(k). The signal
s(k) is given by

s(k)=

∞∑

p=−∞

[

xR
p,(k−pN)+j xI

p,(k−pN)

]

(2)

wherexR
p,m andxI

p,m are given by

xR
p,m

4
=

√

N

2Nu

Nu/2−1
∑

l=−Nu/2

aR
p,le

j 2π

N
lmg(m) (3)

xI
p,m

4
=

√
N

2Nu

Nu/2−1
∑

l=−Nu/2

aI
p,le

j 2π

N
lmg

(

m − N

2

)

(4)

In (3) and (4) the sequencesaR
p,l andaI

p,l denote the real
and imaginary parts of the complex data symbols trans-
mitted on thelth subcarrier during thepth OFDM/OQAM
symbol and g(k) denotes the real transmitted pulse-
shaping filter. It is assumed that

AS1) The data symbols{aR
p,l}∞p=−∞ and{aI

p,l}∞p=−∞,
∀l ∈ {−Nu/2, . . . , Nu/2 − 1}, belonging to a
PAM constellation, are statistically independent
and identically distributed random variables with
zero mean andE[|aR

p,l|2] = E[|aI
p,l|2] = σ2

a.
AS2) The number of useful subcarriersNu is suffi-

ciently large so that the OFDM/OQAM signal
s(k) can be modeled as a complex Gaussian
process.

Let us observe that from the assumptions (AS1) and
(AS2) we can easily derive the following results:
Result 1: The unconjugate correlation function of the
transmitted OFDM/OQAM signals(k) at timek and lag

l is equal to

Cs(k; l)
4
= E [s∗(k)s(k + l)]

=
Nσ2

a

2Nu

Nu/2−1
∑

m=−Nu/2

ej 2π

N
ml

×
∞∑

p=−∞

g

(

k − pN

2

)

g

(

k + l − pN

2

)

=
σ2

a

Nu

Nu/2−1
∑

m=−Nu/2

ej 2π

N
ml

×
N/2−1
∑

q=0

ej 4π

N
q(k+l)

∫ 1/2

−1/2

G(ν)G∗

(

ν − 2q

N

)

e−j2πνldν

(5)
where

G(µ) =

∞∑

k=−∞

g(k)e−j2πkµ (6)

is the discrete-time Fourier transform (DFT) of the real
unit-energy pulse-shaping filterg(k).

Result 2: The relation function (or the conjugate cor-
relation function) of the transmitted signals(k) is given
by

Rs(k; l)
4
= E [s(k)s(k + l)]

=
Nσ2

a

2Nu

Nu/2−1
∑

m=−Nu/2

ej 2π

N
m(2k+l)

×
∞∑

p=−∞

(−1)pg

(

k−pN

2

)

g

(

k + l−pN

2

)

=
σ2

a

2Nu

Nu/2−1
∑

m=−Nu/2

ej 2π

N
m(2k+l)

N−1∑

q=0

[1 − (−1)q]

×ej 2π

N
q(k+l)

∫ 1/2

−1/2

G(ν)G∗

(

ν − q

N

)

e−j2πνldν.

(7)

From result 1 we can observe that the unconjugate
correlation function isN/2-periodic ink. Therefore, the
transmitted OFDM/OQAM signal results to be unconju-
gate second-order cyclostationary with periodN/2. On
the other hand, from result 2 we can note that the
conjugate correlation function results to be conjugate
second-order cyclostationary with periodN .

In the absence of virtual subcarriers (that is forN =
Nu) and in the presence of a pulse-shaping filter satisfying
the orthogonality condition [4]

∞∑

p=−∞

g

(

k − pN

2

)

g

(

k + βN − pN

2

)

=
2

N
δ(β)

∀β ∈ Z
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the unconjugate correlation function of the transmitted
OFDM/OQAM signals(k) at time k and lagl is equal
to (see [13])

Cs(k; l) =
Nσ2

a

2
δ(l − β N)

×
∞∑

p=−∞

g

(

k − pN

2

)

g

(

k + l − pN

2

)

= σ2
aδ(l) .

(8)
Moreover, the conjugate correlation function results to be

Rs(k; l) =
Nσ2

a

2
δ(2k + l − β N)

×
∞∑

p=−∞

(−1)pg

(

k−pN

2

)

g

(

k + l−pN

2

)

.

(9)
From (8) we can deduce that the absence of virtual
subcarriers can destroy the unconjugate cyclostationarity
of the OFDM/OQAM signal. In fact, in this case the
OFDM/OQAM signal is stationary with respect to its
unconjugate correlation function but cyclostationary with
respect to its conjugate correlation function.

III. ML CFO ESTIMATOR

In this section the ML CFO estimator for
OFDM/OQAM systems is derived by maximizing
the log-likelihood function (LLF) for the vector of

unknown parametersλ
4
= [ν, φ]T . Precisely, let us

consider the observation vectorr of total length
W = ηN

r = Ψ(λ)s + n (10)

where

Ψ(λ)
4
= diag

{

ejφ, . . . , ej[2πν(ηN−1)+φ]
}

is theW×W diagonal matrix parameterized by the vector
of unknown parametersλ. Moreover,

s
4
= [s(0), . . . , s (W − 1)]T

is the transmitted OFDM/OQAM vector, whilen denotes
the noise vector modeled as a zero-mean circular CGRV
with covariance matrixE[nnH ] = σ2

nIW .

The observations vectorr
4
= [r(0), . . . , r(W − 1)]T

results to be a zero-mean NC-CGRV and, then, is char-
acterized by the joint pdf [15]

f(r, r∗; λ) =
1

πW
√

det
{
C̄

}

× exp

〈

−1

2
[rHrT ] C̄

−1
[

r

r∗

]〉
(11)

where

C̄
4
= E

{[
r

r∗

]

[rH, rT ]

}

=

[
Cr Rr
RH

r C∗

r

]

(12)

with

Cr
4
= E[rrH] = Ψ(λ)







E[ssH]
︸ ︷︷ ︸

Cs

+σ2
nIW







Ψ
∗(λ)

(13)
while

Rr
4
= E[rrT ] = Ψ(λ)E[ssT ]

︸ ︷︷ ︸

Rs

Ψ(λ) (14)

is the so-called relation matrix.
By using the equalitiesRH

s = R∗

s andCT
s = C∗

s and
the properties of inversion of block matrices we have

C̄
−1

=





Q−1
s −(Cs+σ2

nI)−1RsQ−∗

s

−(C∗

s+σ2
nI)−1R∗

sQ−1
s Q−∗

s





(15)
where

Qs=Cs+σ2
nIW−Rs

[
C∗

s + σ2
nIW

]−1
R∗

s

is the Schur complement of the matrixC∗

s + σ2
nIW .

Substituting (15) in (11) and dropping the constant

1

πW
√

det
{
C̄

}

independent of the parameters to estimate, we obtain that
the LLF for the vector of parameters of interest can be
written as

Λ(λ) = log [f(r, r∗; λ)]

= <
{
−rH

Ψ(λ)Q−1
s Ψ

∗(λ)r

+rT
Ψ

∗(λ)
[
C∗

s+σ2
nIW

]−1

×R∗

sQ−1
s Ψ

∗(λ)r
}

.

(16)

The joint ML estimator is obtained by searching the value
of the vectorλ that maximizes the LLF. To proceed
we keep the parameterν fixed and letφ vary. In these
conditions the functionΛ(λ) in (16) achieves a maximum
for

φ̂ML(ν)=
1

2
arg

{

rT
Υ

∗(ν)
[
C∗

s+σ2
nIW

]−1

×R∗

sQ−1
s Υ

∗(ν)r
}

,

(17)

where Υ(ν)
4
= diag

{
1, . . . , ej2πν(ηN−1)

}
. Then, ac-

counting for (16) and (17), the ML CFO estimator is given
by

ν̂ML= argmax
ν̃

〈
−<

{
rH

Υ(ν̃)Q−1
s Υ

∗(ν̃)r
}

+
∣
∣
∣rT

Υ
∗(ν̃)

[
C∗

s+σ2
nIW

]−1
R∗

sQ−1
s Υ

∗(ν̃)r
∣
∣
∣

〉

(18)
whereν̃ is a trial value for CFO.
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Putting the relation matrixRs = OW in (16), the
expression of the LLF becomes

Λ(ν) = −<
{

rH
Υ(ν)

[
Cs + σ2

nIW

]−1
Υ

∗(ν)r
}

.

(19)
Note that in this case the LLF does not depend on the
carrier phaseφ and, moreover, the expression of the
corresponding CFO estimator exploiting uniquely the un-
conjugate correlation matrixCs (labeled as unconjugate
ML estimator) is given by

ν̂UML=

argmax
ν̃

〈

−<
{

rH
Υ(ν̃)

[
Cs + σ2

nIW

]−1
Υ

∗(ν̃)r
}〉

.

(20)
In Fig. 1 we report the behavior, in a single run, of

CFO metrics in (18) and (20) as a function ofν, for an
OFDM/OQAM system withN = 16 subcarriers,Nu =
12 active subcarriers,η = 32 OFDM/OQAM symbols and

for SNR
4
= σ2

a/σ2
n = 20 dB. As shown in the figure the

metric in (18) exploiting both the unconjugate and the
conjugate cyclostationarity of the OFDM/OQAM signal
presents a sharp peak at the actual value of the CFO.
Instead, the UML metric exploiting only the unconjugate
cyclostationarity of the OFDM/OQAM signal appears
much more flat.
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Figure 1. Behavior, in a single run, of CFO metrics as a function of
ν for an OFDM/OQAM system withN = 16, Nu = 12, η = 32 and
SNR = 20 dB.

IV. GAUSSIAN CRAMÉR-RAO BOUND

In this section we evaluate the CRB on CFO and carrier
phase estimation for OFDM/OQAM systems. Note that
since a Gaussianity assumption is imposed on the data
vector and due to the noncircularity of the OFDM/OQAM
signal, the derived CRB is the Gaussian [16] (or stochastic
[17]) CRB for NC complex distributions. Therefore, as

shown in [17] and [16], the(i, m)th entry of the Fisher
information matrix (FIM) for the vector of the parameters
of interestλ, is given by

[F ](i,m) = 1
2Tr

[
∂C̄

∂λ(i)
C̄

−1 ∂C̄

∂λ(m)
C̄

−1
]

∀i, m ∈ {0, 1}
(21)

where the matrixC̄ is defined in (12). Substituting (12)
into (21) and after algebraic manipulations we obtain the
2 × 2 FIM

F=





8π2Tr {Dν∆ν} 4πTr {Dν∆φ}

4πTr {Dν∆φ} 2Tr {∆φ}



 (22)

where the matrix∆λ(i) ∀i ∈ {0, 1} is given by

∆λ(i)= <
{
[Cs + σ2

nIW ]Dλ(i)Q
−1
s

+RsDλ(i)[C
∗

s + σ2
nIW ]−1R∗

sQ−1
s − Dλ(i)

}

with Dλ(0)
4
= diag {0, . . . , W − 1} andDλ(1)

4
= IW .

The CRB forν and φ is given by the corresponding
inverse FIM diagonal element, that is

CRBν=
1

8π2

{

Tr [Dν∆ν ]−Tr [Dν∆φ]
2
Tr [∆φ]

−1
}−1

(23)
and

CRBφ=
1

2

{

Tr [∆φ]−Tr [Dν∆φ]
2
Tr [Dν∆ν ]

−1
}−1

.

(24)
The right hand side of (23) and (24) depends, through

unmanageable relations, on the number of observed sym-
bols η, on the number of active subcarriersNu, on
the SNR value, and on the pulse-shaping filterg(k).
Therefore, in the following a numerical example is carried
out to show this dependence. Precisely, Fig.s 2 and 3
report the behavior of bounds (23) and (24) normalized to
1/η3 and1/η, respectively, as a function of the number
of OFDM/OQAM symbolsη in the case of a square-
root raised cosine pulseg(k) with a rolloff parameterρ.
The numerical results have been obtained for an SNR
value fixed atSNR = 20 dB and for different values of
the rolloff parameterρ. By investigating these plots we
can observe that theCRBν decreases at the rate1/η3

and, moreover, the bound is lower for higher values of
the rolloff parameter. Moreover, as shown in Fig. 3 and
according to [16], theCRBφ is inversely proportional to
η.

V. NUMERICAL RESULTS AND COMPARISON

In this section the performance of ML and UML
CFO estimators reported in (18) and (20), respectively,
is assessed via computer simulations and compared with
that of Bölcskei’s algorithm derived in [12] and that of
the CFO estimator proposed by Ciblat and Serpedin in [5]
and labeled in the following as CS estimator. The actual
values of the CFO and of the carrier phase have been
fixed at ν = 1/(4W ) and φ = π/8, respectively, while
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Figure 2. Behavior of η3CRBν versus log2(η) for
ρ∈{0.1, 0.2, 0.6, 0.9}, SNR=20 dB, N = 16 andNu = 12.
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Figure 3. Behavior of ηCRBφ versus log2(η) for
ρ∈{0.1, 0.2, 0.6, 0.9}, SNR=20 dB, N = 16 andNu = 12.

103 trials have been used to obtain the performance plot.
Moreover, in all the simulation results we consider an
OFDM/OQAM system employing a pulse-shaping filter
g(k) given by a square-root raised cosine with a rolloff
parameterρ = 0.6.

A. AWGN Channel

In Fig.4 we compare the root mean-square error
(RMSE) of ML, UML, CS and Bölcskei’s algorithms as
a function of the number of observed symbolsη for an
OFDM/OQAM system withN = 16 total subcarriers,
Nu = 12 active subcarriers and in the presence of an
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(ν
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2
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BOLCSKEI
CS
UML
CRBν

Figure 4. Performance of the considered CFO estimators in AWGN
channel as a function of the number of observed OFDM/OQAM symbols
η, for N = 16, Nu = 12 andSNR = 20 dB.

AWGN channel withSNR = 20dB. Moreover, the GCRB
obtained from (23) is also shown as a comparison. From
Fig. 4 we can see that the ML CFO estimator reveals
the best performance among all considered estimators and
assures an RMSE very close to the corresponding GCRB
while the UML CFO estimator presents an higher RMSE.
This is principally due to the much more flat behavior of
the UML CFO metric with respect to the ML CFO cost
function (see Fig. 1).

Fig. 5 presents the performance of the considered
algorithms as a function of SNR for an OFDM/OQAM
system with N = 16 subcarriers and an observation
window of length W = 32N . The results show that
the CFO ML estimator achieves the GCRB at SNR
values higher than 20 dB. Moreover, the CS estimator,
demanding much more large observation intervals, reveals
a severe performance degradation in the whole range of
the considered SNR values.

B. Multipath Channel

The performance of the considered estimators has also
been assessed in the presence of an unknown multi-
path channel. In each experiment the multipath channel
h(l) has been modeled to consist ofNm+1=4 indepen-
dent Rayleigh-fading taps with an exponentially decaying
power delay profile. Specifically,E[|h(l)|2] = Ce−l/4,
l ∈ {0, . . . , Nm}, where C is a constant such that
∑Nm

l=0 E[|h(l)|2] = 1. Moreover, the channel is fixed in
the observation window but independent from one run to
another.

Fig. 6 displays the RMSE of ML, UML, CS and
Bölcskei’s algorithms as a function of the number of
observed OFDM/OQAM symbols. As we can see, all the
considered algorithms present a significant performance
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Figure 5. Performance of the considered CFO estimators in AWGN
channel as a function of SNR for a number of observed OFDM/OQAM
symbolsη = 32 for N = 16 andNu = 12 .

degradation with respect to that in AWGN channel due
to the model mismatch. In particular, the ML CFO esti-
mator can outperform the Bölcskei’s estimator only for
a relatively large number of symbols. Finally, the results
reported in Fig.7 show the RMSE of the considered CFO
estimators as a function of SNR for a sample size fixed at
W = 29. We can note that in the presence of a dispersive
channel the UML CFO estimator can provide the most
accurate estimates for high SNR values.

VI. CONCLUSIONS

In this paper the problem of blind CFO estimation
in OFDM/OQAM systems in the presence of virtual
subcarriers has been considered. In particular, under the
hypothesis that the number of useful subcarriers is suf-
ficiently large, the transmitted OFDM/OQAM signal has
been modeled as an NC-CGRV. Exploiting the generalized
expression of the pdf for NC-CGRVs, the joint ML
estimator for the parameters of interest has been derived.
Moreover, a modified version of the ML CFO estimator
is considered. The performance of the derived estimators
has been compared with that of the CS estimator derived
in [5] and that of the Bölcskei’s algorithm proposed in
[12]. As illustrated by computer simulations, in AWGN
the considered estimators outperform those proposed in
[5] and [12] while in multipath channel the proposed
estimators can assure a satisfactory performance if a
sufficiently large number of observed symbols or high
SNR values are considered.
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channel as a function of SNR forN = 16, Nu = 12 andη = 32.
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